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Foreword

To paraphrase the renowned electrical engineer, Charles Steinmetz, the North
American interconnected power system is the largest and most complex machine ever
devised by man. It is truly amazing that such a system has operated with a high
degree of reliability for over a century.

The robustness of a power system is measured by the ability of the system to
operate in a state of equilibrium under normal and perturbed conditions. Power system
stability deals with the study of the behavior of power systems under conditions such
as sudden changes in load or generation or short circuits on transmission lines. A
power system is said to be stable if the interconnected generating units remain in
synchronism.

The ability of a power system to maintain stability depends to a large extent
on the controls available on the system to damp the electromechanical oscillations.
Hence, the study and design of controls are very important.

Of all the complex phenomena on power systems, power system stability is the
most intricate to understand and challenging to analyze. Electric power systems of the
21st century will present an even more formidable challenge as they are forced to
operate closer to their stability limits.

I cannot think of a more qualified person than Dr. Prabha Kundur to write a
book on power system stability and control. Dr. Kundur is an internationally
recognized authority on power system stability. His expertise and practical experience
in developing solutions to stability problems is second to none. Dr. Kundur not only
has a thorough grasp of the fundamental concepts but also has worked on solving
electric utility system stability problems worldwide. He has taught many courses,
made excellent presentations at professional society and industry committee meetings,

XiX



XX Foreword

and has written numerous technical papers on power system stability and control.
It gives me great pleasure to write the Foreword for this timely book, which
I am confident will be of great value to practicing engineers and students in the field

of power engineering.

Dr. Neal J. Balu

Program Manager

Power System Planning and Operations
Electrical Systems Division

Electric Power Research Institute



Preface

This book is concerned with understanding, modelling, analyzing, and
mitigating power system stability and control problems. Such problems constitute very
important considerations in the planning, design, and operation of modern power
systems. The complexity of power systems is continually increasing because of the
growth in interconnections and use of new technologies. At the same time, financial
and regulatory constraints have forced utilities to operate the systems nearly at
stability limits. These two factors have created new types of stability problems.
Greater reliance is, therefore, being placed on the use of special control aids to
enhance system security, facilitate economic design, and provide greater flexibility of
system operation. In addition, advances in computer technology, numerical analysis,
control theory, and equipment modelling have contributed to the development of
improved analytical tools and better system-design procedures. The primary
motivation for writing this book has been to describe these new developments and to
provide a comprehensive treatment of the subject.

The text presented in this book draws together material on power system
stability and control from many sources: graduate courses I have taught at the
University of Toronto since 1979, several EPRI research projects (RP1208, RP2447,
RP3040, RP3141, RP4000, RP849, and RP997) with which I have been closely
associated, and a vast number of technical papers published by the IEEE, IEE, and
CIGRE.

This book is intended to meet the needs of practicing engineers associated with
the electric utility industry as well as those of graduate students and researchers.
Books on this subject are at least 15 years old; some well-known books are 30 to 40
years old. In the absence of a comprehensive text, courses on power system stability

XXi



XXIii ‘ Preface

often tend to address narrow aspects of the subject with emphasis on special analytical
techniques. Moreover, both the teaching staff and students do not have ready access
to information on the practical aspects. Since the subject requires an understanding of
a wide range of areas, practicing engineers just entering this field are faced with the
formidable task of gathering the necessary information from widely scattered sources.

This book attempts to fill the gap by providing the necessary fundamentals,
explaining the practical aspects, and giving an integrated treatment of the latest
developments in modelling techniques and analytical tools. It is divided into three
parts. Part I provides general background information in two chapters. Chapter 1
describes the structure of modern power systems and identifies different levels of
control. Chapter 2 introduces the stability problem and provides basic concepts,
definitions, and classification.

Part II of the book, comprising Chapters 3 to 11, is devoted to equipment
characteristics and modelling. System stability is affected by the characteristics of
every major element of the power system. A knowledge of the physical characteristics
of the individual elements and their capabilities is essential for the understanding of
system stability. The representation of these elements by means of appropriate
mathematical models is critical to the analysis of stability. Chapters 3 to 10 are
devoted to generators, excitation systems, prime movers, ac and dc transmission, and
system loads. Chapter 11 describes the principles of active power and reactive power
control and develops models for the control equipment.

Part III, comprising Chapters 12 to 17, considers different categories of power
system stability. Emphasis is placed on physical understanding of many facets of the
stability phenomena. Methods of analysis along with control measures for mitigation
of stability problems are described in detail.

The notions of power system stability and power system control are closely
related. The overall controls in a power system are highly distributed in a hierarchical
structure. System stability is strongly influenced by these controls.

In each chapter, the theory is developed from simple beginnings and is
gradually evolved so that it can be applied to complex practical situations. This is
supplemented by a large number of illustrative examples. Wherever appropriate,
historical perspectives and past experiences are highlighted.

Because this is the first edition, it is likely that some aspects of the subject
may not be adequately covered. It is also likely that there may be some errors,
typographical or otherwise. I welcome feedback on such errors as well as suggestions
for improvements in the event that a second edition should be published.

I am indebted to many people who assisted me in the preparation of this book.
Baofu Gao and Sainath Moorty helped me with many of the calculations and
computer simulations included in the book. Kip Morison, Solomon Yirga, Meir Klein,
Chi Tang, and Deepa Kundur also helped me with some of the results presented.



Preface XXiii

Atef Morched, Kip Morison, Ernie Neudorf, Graham Rogers, David Wong,
Hamid Hamadanizadeh, Behnam Danai, Saeed Arabi, and Lew Rubino reviewed
various chapters of the book and provided valuable comments.

David Lee reviewed Chapters 8 and 9 and provided valuable comments and
suggestions. I have worked very closely with Mr. Lee for the last 22 years on a
number of complex power system stability-related problems; the results of our joint
effort are reflected in various parts of the book.

Carson Taylor reviewed the manuscript and provided many helpful suggestions
for improving the text. In addition, many stimulating discussions I have had with Mr.
Taylor, Dr. Charles Concordia, and with Mr. Yakout Mansour helped me develop a
better perspective of current and future needs of power system stability analysis.

Patti Scott and Christine Hebscher edited the first draft of the manuscript. Janet
Kibblewhite edited the final draft and suggested many improvements.

I am deeply indebted to Lei Wang and his wife, Xiaolu Meng, for their
outstanding work in the preparation of the manuscript, including the illustrations.

I wish to take this opportunity to express my gratitude to Mr. Paul L. Dandeno
for the encouragement he gave me and the confidence he showed in me during the
early part of my career at Ontario Hydro. It is because of him that I joined the electric
utility industry and then ventured into the many areas of power system dynamic
performance covered in this book.

I am grateful to the Electric Power Research Institute for sponsoring this book.
In particular, I am thankful to Dr. Neal Balu and Mr. Mark Lauby for their inspiration
and support. Mark Lauby also reviewed the manuscript and provided many helpful
suggestions.

I wish to express my appreciation to Liz Doherty and Patty Jones for helping
me with the correspondence and other business matters related to this book.

Finally, I wish to thank my wife, Geetha Kundur, for her unfailing support and
patience during the many months I worked on this book.

Prabha Shankar Kundur
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wmemssss Chapter 1

General Characteristics
of Modern Power Systems

The purpose of this introductory chapter is to provide a general description of
electric power systems beginning with a historical sketch of their evolution. The basic
characteristics and structure of modern power systems are then identified. The
performance requirements of a properly designed power system and the various levels
of controls used to meet these requirements are also described.

This chapter, together with the next, provides general background information
and lays the groundwork for the remainder of the book.

1.1 EVOLUTION OF ELECTRIC POWER SYSTEMS

The commercial use of electricity began in the late 1870s when arc lamps were
used for lighthouse illumination and street lighting.

The first complete electric power system (comprising a generator, cable, fuse,
meter, and loads) was built by Thomas Edison - the historic Pearl Street Station in
New York City which began operation in September 1882. This was a dc system
consisting of a steam-engine-driven dc generator supplying power to 59 customers
within an area roughly 1.5 km in radius. The load, which consisted entirely of
incandescent lamps, was supplied at 110 V through an underground cable system.
Within a few years similar systems were in operation in most large cities throughout
the world. With the development of motors by Frank Sprague in 1884, motor loads
were added to such systems. This was the beginning of what would develop into one
of the largest industries in the world. f



4 General Characteristics of Modern Power Systems  Chap. 1

In spite of the initial widespread use of dc systems, they were almost
completely superseded by ac systems. By 1886, the limitations of dc systems were
becoming increasingly apparent. They could deliver power only a short distance from
the generators. To keep transmission power losses (RP) and voltage drops to
acceptable levels, voltage levels had to be high for long-distance power transmission.
Such high voltages were not acceptable for generation and consumption of power;
therefore, a convenient means for voltage transformation became a necessity.

The development of the transformer and ac transmission by L. Gaulard and
J.D. Gibbs of Paris, France, led to ac electric power systems. George Westinghouse
secured rights to these developments in the United States. In 1886, William Stanley,
an associate of Westinghouse, developed and tested a commercially practical
transformer and ac distribution system for 150 lamps at Great Barrington,
Massachusetts. In 1889, the first ac transmission line in North America was put into
operation in Oregon between Willamette Falls and Portland. It was a single-phase line
transmitting power at 4,000 V over a distance of 21 km.

With the development of polyphase systems by Nikola Tesla, the ac system
became even more attractive. By 1888, Tesla held several patents on ac motors,
generators, transformers, and transmission systems. Westinghouse bought the patents
to these early inventions, and they formed the basis of the present-day ac systems.

In the 1890s, there was considerable controversy over whether the electric
utility industry should be standardized on dc or ac. There were passionate arguments
between Edison, who advocated dc, and Westinghouse, who favoured ac. By the turn
of the century, the ac system had won out over the dc system for the following

reasons:

o Voltage levels can be easily transformed in ac systems, thus providing the
flexibility for use of different voltages for generation, transmission, and
consumption.

o AC generators are much simpler than dc generators.

o AC motors are much simpler and cheaper than dc motors.

The first three-phase line in North America went into operation in 1893 - a
2,300 V, 12 km line in southern California. Around this time, ac was chosen at
Niagara Falls because dc was not practical for transmitting power to Buffalo, about
30 km away. This decision ended the ac versus dc controversy and established victory
for the ac system.

In the early period of ac power transmission, frequency was not standardized.
Many different frequencies were in use: 25, 50, 60, 125, and 133 Hz. This posed a
problem for interconnection. Eventually 60 Hz was adopted as standard in North
America, although many other countries use 50 Hz.

The increasing need for transmitting larger amounts of power over longer
distances created an incentive to use progressively higher voltage levels. The early ac
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systems used 12, 44, and 60 kV (RMS line-to-line). This rose to 165 kV in 1922, 220
kV in 1923, 287 kV in 1935, 330 kV in 1953, and 500 kV in 1965. Hydro Quebec
energized its first 735 kV in 1966, and 765 kV was introduced in the United States
in 1969.

To avoid the proliferation of an unlimited number of voltages, the industry has
standardized voltage levels. The standards are 115, 138, 161, and 230 kV for the high
voltage (HV) class, and 345, 500 and 765 kV for the extra-high voltage (EHV) class

1,2].

[ With the development of mercury arc valves in the early 1950s, high voltage
dc (HVDC) transmission systems became economical in special situations. The HVDC
transmission is attractive for transmission of large blocks of power over long
distances. The cross-over point beyond which dc transmission may become a
competitive alternative to ac transmission is around 500 km for overhead lines and 50
km for underground or submarine cables. HVDC transmission also provides an
asynchronous link between systems where ac interconnection would be impractical
because of system stability considerations or because nominal frequencies of the
systems are different. The first modern commercial application of HVDC transmission
occurred in 1954 when the Swedish mainland and the island of Gotland were
interconnected by a 96 km submarine cable.

With the advent of thyristor valve converters, HVDC transmission became
even more attractive. The first application of an HVDC system using thyristor valves
was at Eel River in 1972 - a back-to-back scheme providing an asynchronous tie
between the power systems of Quebec and New Brunswick. With the cost and size
of conversion equipment decreasing and its reliability increasing, there has been a
steady increase in the use of HVDC transmission.

Interconnection of neighbouring utilities usually leads to improved system
security and economy of operation. Improved security results from the mutual
emergency assistance that the utilities can provide. Improved economy results from
the need for less generating reserve capacity on each system. In addition, the
interconnection permits the utilities to make economy transfers and thus take
advantage of the most economical sources of power. These benefits have been
recognized from the beginning and interconnections continue to grow. Almost all the
utilities in the United States and Canada are now part of one interconnected system.
The result is a very large system of enormous complexity. The design of such a
system and its secure operation are indeed challenging problems.

1.2 STRUCTURE OF THE POWER SYSTEM

Electric power systems vary in size and structural components. However, they
all have the same basic characteristics:

° Are comprised of three-phase ac systems operating essentially at constant
voltage. Generation and transmission facilities use three-phase equipment.
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Industrial loads are invariably three-phase; single-phase residential and
commercial loads are distributed equally among the phases so as to effectively
form a balanced three-phase system.

° Use synchronous machines for generation of electricity. Prime movers convert
the primary sources of energy (fossil, nuclear, and hydraulic) to mechanical
energy that is, in turn, converted to electrical energy by synchronous

generators.

o Transmit power over significant distances to consumers spread over a wide
area. This requires a transmission system comprising subsystems operating at
different voltage levels.

Figure 1.1 illustrates the basic elements of a modern power system. Electric
power is produced at generating stations (GS) and transmitted to consumers through
a complex network of individual components, including transmission lines,

transformers, and switching devices.
It is common practice to classify the transmission network into the following

subsystems:

1. Transmission system
2. Subtransmission system
3. Distribution system

The transmission system interconnects all major generating stations and main
load centres in the system. It forms the backbone of the integrated power system and
operates at the highest voltage levels (typically, 230 kV and above). The generator
voltages are usually in the range of 11 to 35 kV. These are stepped up to the
transmission voltage level, and power is transmitted to transmission substations where
the voltages are stepped down to the subtransmission level (typically, 69 kV to 138
kV). The generation and transmission subsystems are often referred to as the bulk
power system.

The subtransmission system transmits power in smaller quantities from the
transmission substations to the distribution substations. Large industrial customers are
commonly supplied directly from the subtransmission system. In some systems, there
is no clear demarcation between subtransmission and transmission circuits. As the
system expands and higher voltage levels become necessary for transmission, the
older transmission lines are often relegated to subtransmission function.

The distribution system represents the final stage in the transfer of power to
the individual customers. The primary distribution voltage is typically between 4.0 kV
and 34.5 kV. Small industrial customers are supplied by primary feeders at this
wvoltage level. The secondary distribution feeders supply residential and commercial
customers at 120/240 V.
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Small generating plants located near the load are often connected to the
subtransmission or distribution system directly.
Interconnections to neighbouring power systems are usually formed at the

transmission system level.

The overall system thus consists of multiple generating sources and several
layers of transmission networks. This provides a high degree of structural redundancy
that enables the system to withstand unusual contingencies without service disruption

to the consumers.

1.3 POWER SYSTEM CONTROL

The function of an electric power system is to convert energy from one of the
naturally available forms to the electrical form and to transport it to the points of
consumption. Energy is seldom consumed in the electrical form but is rather
converted to other forms such as heat, light, and mechanical energy. The advantage
of the electrical form of energy is that it can be transported and controlled with
relative ease and with a high degree of efficiency and reliability. A properly designed
and operated power system should, therefore, meet the following fundamental
requirements:

1. The system must be able to meet the continually changing load demand for
active and reactive power. Unlike other types of energy, electricity cannot be
conveniently stored in sufficient quantities. Therefore, adequate “spinning”
reserve of active and reactive power should be maintained and appropriately
controlled at all times.

2. The system should supply energy at minimum cost and with minimum
ecological impact.

3. The “quality” of power supply must meet certain minimum standards with
regard to the following factors:

(a) constancy of frequency;
(b) constancy of voltage; and
(c) level of reliability.

Several levels of controls involving a complex array of devices are used to meet the
above requirements. These are depicted in Figure 1.2 which identifies the various
subsystems of a power system and the associated controls. In this overall structure,
there are controllers operating directly on individual system elements. In a generating
unit these consist of prime mover controls and excitation controls. The prime mover
controls are concerned with speed regulation and control of energy supply system
variables such as boiler pressures, temperatures, and flows. The function of the
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excitation control is to regulate generator voltage and reactive power output. The
desired MW outputs of the individual generating units are determined by the system-
generation control.

The primary purpose of the system-generation control is to balance the total
system generation against system load and losses so that the desired frequency and
power interchange with neighbouring systems (tie flows) is maintained.

The transmission controls include power and voltage control devices, such as
static var compensators, synchronous condensers, switched capacitors and reactors,
tap-changing transformers, phase-shifting transformers, and HVDC transmission
controls. :
The controls described above contribute to the satisfactory operation of the
power system by maintaining system voltages and frequency and other system
variables within their acceptable limits. They also have a profound effect on the
dynamic performance of the power system and on its ability to cope with
disturbances.

The control objectives are dependent on the operating state of the power
system. Under normal conditions, the control objective is to operate as efficiently as
possible with voltages and frequency close to nominal values. When an abnormal
condition develops, new objectives must be met to restore the system to normal
operation.

Major system failures are rarely the result of a single catastrophic disturbance
causing collapse of an apparently secure system. Such failures are usually brought
about by a combination of circumstances that stress the network beyond its capability.
Severe natural disturbances (such as a tornado, severe storm, or freezing rain),
equipment malfunction, human error, and inadequate design combine to weaken the
power system and eventually lead to its breakdown. This may result in cascading
outages that must be contained within a small part of the system if a major blackout
is to be prevented.

Operating states of a power system and control strategies [3,4]

For purposes of analyzing power system security and designing appropriate
control systems, it is helpful to conceptually classify the system-operating conditions
into five states: normal, alert, emergency, in extremis, and restorative. Figure 1.3
depicts these operating states and the ways in which transition can take place from
one state to another.

In the normal state, all system variables are within the normal range and no
equipment is being overloaded. The system operates in a secure manner and is able
to withstand a contingency without violating any of the constraints.

The system enters the alert state if the security level falls below a certain limit
of adequacy, or if the possibility of a disturbance increases because of adverse
weather conditions such as the approach of severe storms. In this state, all system
variables are still within the acceptable range and all constraints are satisfied.
However, the system has been weakened to a level where a contingency may cause
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Figure 1.3 Power system operating states

an overloading of equipment that places the system in an emergency state. If the
disturbance is very severe, the in extremis (or extreme emergency) state may result
directly from the alert state.

Preventive action, such as generation shifting (security dispatch) or increased
reserve, can be taken to restore the system to the normal state. If the restorative steps
do not succeed, the system remains in the alert state.

The system enters the emergency state if a sufficiently severe disturbance
occurs when the system is in the alert state. In this state, voltages at many buses are
low and/or equipment loadings exceed short-term emergency ratings. The system is
still intact and may be restored to the alert state by the initiating of emergency control
actions: fault clearing, excitation control, fast-valving, generation tripping, generation
run-back, HVDC modulation, and load curtailment.

If the above measures are not applied or are ineffective, the system is in
extremis; the result is cascading outages and possibly a shut-down of a major portion
of the system. Control actions, such as load shedding and controlled system
separation, are aimed at saving as much of the system as possible from a widespread
blackout. -

The restorative state represents a condition in which control action is being
taken to reconnect all the facilities and to restore system load. The system transits
from this state to either the alert state or the normal state, depending on the system

conditions.
Characterization of the system conditions into the five states as described

above provides a framework in which control strategies can be developed and operator
actions identified to deal effectively with each state.
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For a system that has been disturbed and that has entered a degraded operating
state, power system controls assist the operator in returning the system to a normal
state. If the disturbance is small, power system controls by themselves may be able
to achieve this task. However, if the disturbance is large, it is possible that operator
actions such as generation rescheduling or element switching may be required for a
return to the normal state.

The philosophy that has evolved to cope with the diverse requirements of
system control comprises a hierarchial structure as shown in Figure 1.4. In this
structure, there are controllers operating directly on individual system elements such
as excitation systems, prime movers, boilers, transformer tap changers, and dc
converters. There is usually some form of overall plant controller that coordinates the
controls of closely linked elements. The plant controllers are in turn supervised by
system controllers at the operating centres. The system-controller actions are
coordinated by pool-level master controllers. The overall control system is thus highly
distributed, and relies on many different types of telemetering and control signals.
Supervisory Control and Data Acquisition (SCADA) systems provide information to
indicate the system status. State estimation programs filter monitored data and provide
an accurate picture of the system’s condition. The human operator is an important link
at various levels in this control hierarchy and at key locations on the system. The
primary function of the operator is to monitor system performance and manage
resources so as to ensure economic operation while maintaining the required quality

Pool control centre

/ \

To other systems System control centre To other systems

Transmission plant | Power plant

N . ) ,

Distribution centres Generating units

Figure 1.4 Power system control hierarchy
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and reliability of power supply. During system emergencies, the operator plays a key
role by coordinating related information from diverse sources and developing
corrective strategies to restore the system to a more secure state of operation.

1.4 DESIGN AND OPERATING CRITERIA FOR STABILITY

For reliable service, a bulk electricity system must remain intact and be
capable of withstanding a wide variety of disturbances. Therefore, it is essential that
the system be designed and operated so that the more probable contingencies can be
sustained ‘with no loss of load (except that connected to the faulted element) and so
that the most adverse possible contingencies do not result in uncontrolled, widespread
and cascading power interruptions.

The November 1965 blackout in the northeastern part of the United States and
Ontario had a profound impact on the electric utility industry, particularly in North
America. Many questions were raised relating to design concepts and planning
criteria. These led to the formation of the National Electric Reliability Council in
1968. The name was later changed to the North American Electric Reliability Council
(NERC). Its purpose is to augment the reliability and adequacy of bulk power supply
in the electricity systems of North America. NERC is composed of nine regional
reliability councils and encompasses virtually all the power systems in the United
States and Canada. Reliability criteria for system design and operation have been
established by each regional council. Since differences exist in geography, load
pattern, and power sources, criteria for the various regions differ to some extent [5].

Design and operating criteria play an essential role in preventing major system
disturbances following severe contingencies. The use of criteria ensures that, for all
frequently occurring contingencies, the system will, at worst, transit from the normal
state to the alert state, rather than to a more severe state such as the emergency state
or the in extremis state. When the alert state is entered following a contingency,
operators can take actions to return the system to the normal state.

The following example of design and operating criteria related to system
stability is based on those of the Northeast Power Coordinating Council (NPCC) [6].
It does not attempt to provide an exact reproduction of the NPCC criteria but gives
an indication of the types of contingencies considered for stability assessment.

Normal design contingencies

The criteria require that the stability of the bulk power system be maintained
during and after the most severe of the contingencies specified below, with due regard
to reclosing facilities. These contingencies are selected on the basis that they have a
significant probability of occurrence given the large number of elements comprising
the power system.

The normal design contingencies include the following:
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(a) A permanent three-phase fault on any generator, transmission circuit,
transformer or bus section, with normal fault clearing and with due regard to

reclosing facilities.

(b) Simultaneous permanent phase-to-ground faults on different phases of each of
two adjacent transmission circuits on a multiple-circuit tower, cleared in

normal time.

© A permanent phase-to-ground fault on any transmission circuit, transformer,
or bus section with delayed clearing because of malfunction of circuit breakers,

relay, or signal channel.
(d)  Loss of any element without a fault.

(e) A permanent phase-to-ground fault on a circuit breaker, cleared in normal
time.

® Simultaneous permanent loss of both poles of a dc bipolar facility.

The criteria require that, following any of the above contingencies, the stability of the
system be maintained, and voltages and line and equipment loadings be within

applicable limits.
These requirements apply to the following two basic conditions:

(1)  All facilities in service.

(2) A critical generator, transmission circuit, or transformer out of service,
assuming that the area generation and power flows are adjusted between
outages by use of ten minute reserve.

Extreme contingency assessment

The extreme contingency assessment recognizes that the interconnected bulk
power system can be subjected to events that exceed in severity the normal design
contingencies. The objective is to determine the effects of extreme contingencies on
system performance in order to obtain an indication of system strength and to
determine the extent of a widespread system disturbance even though extreme
contingencies do have very low probabilities of occurrence. After an analysis and
assessment of extreme contingencies, measures are to be utilized, where appropriate,
to reduce the frequency of occurrence of such contingencies or to mitigate the
consequences that are indicated as a result of simulating for such contingencies.

The extreme contingencies include the following:

(a) Loss of the entire capability of a generating station.
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(b) Loss of all lines emanating from a generating station, switching station or
substation.

(c) Loss of all transmission circuits on a common right-of-way.

(d) A permanent three-phase fault on any generator, transmission circuit,
transformer, or bus section, with delayed fault clearing and with due regard to

reclosing facilities.
(e) The sudden dropping of a large-load or major-load centre.

() The effect of severe power swings arising from disturbances outside the NPCC
interconnected systems.

(2) Failure or misoperation of a special protection system, such as a generation
rejection, load rejection, or transmission cross-tripping scheme.

System design for stability

The design of a large interconnected system to ensure stable operation at
minimum cost is a very complex problem. The economic gains to be realized through
the solution to this problem are enormous. From a control theory point of view, the
power system is a very high-order multivariable process, operating in a constantly
changing environment. Because of the high dimensionality and complexity of the
system, it is essential to make simplifying assumptions and to analyze specific
problems using the right degree of detail of system representation. This requires a
good grasp of the characteristics of the overall system as well as of those of its
individual elements.

The power system is a highly nonlinear system whose dynamic performance
is influenced by a wide array of devices with different response rates and
characteristics. System stability must be viewed not as a single problem, but rather in
terms of its different aspects. The next chapter describes the different forms of power
system stability problems.

Characteristics of virtually every major element of the power system have an
effect on system stability. A knowledge of these characteristics is essential for the
understanding and study of power system stability. Therefore, equipment
characteristics and modelling will be discussed in Part II. Intricacies of the physical
aspects of various categories of the system stability, methods of their analysis, and
special measures for enhancing stability performance of the power system will be
presented in Part III.
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Chapter 2 s

Introduction to the
Power System Stability Problem

This chapter presents a general introduction to the power system stability
problem including physical concepts, classification, and definition of related terms.
Analysis of elementary power system configurations by means of idealized models
illustrates some of the fundamental stability properties of power systems. In addition,
a historical review of the emergence of different forms of stability problems as power
systems evolved and of the developments in the associated methods of analysis is
presented. The objective is to provide an overview of the power system stability
phenomena and to lay a foundation based on relatively simple physical reasoning.
This will help prepare for a detailed treatment of the various aspects of the subject in
subsequent chapters.

2.1 BASIC CONCEPTS AND DEFINITIONS

Power system stability may be broadly defined as that property of a power
system that enables it to remain in a state of operating equilibrium under normal
operating conditions and to regain an acceptable state of equilibrium after being
subjected to a disturbance.

Instability in a power system may be manifested in many different ways
depending on the system configuration and operating mode. Traditionally, the stability
problem has been one of maintaining synchronous operation. Since power systems

17
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rely on synchronous machines for generation of electrical power, a necessary
condition for satisfactory system operation is that all synchronous machines remain
in synchronism or, colloquially, “in step.” This aspect of stability is influenced by the
dynamics of generator rotor angles and power-angle relationships.

Instability may also be encountered without loss of synchronism. For example,
a system consisting of a synchronous generator feeding an induction motor load
through a transmission line can become unstable because of the collapse of load
voltage. Maintenance of synchronism is not an issue in this instance; instead, the
concern is stability and control of voltage. This form of instability can also occur in
loads covering an extensive area supplied by a large system.

In the evaluation of stability the concern is the behaviour of the power system
when subjected to a transient disturbance. The disturbance may be small or large.
Small disturbances in the form of load changes take place continually, and the system
adjusts itself to the changing conditions. The system must be able to operate
satisfactorily under these conditions and successfully supply the maximum amount of
load. It must also be capable of surviving numerous disturbances of a severe nature,
such as a short-circuit on a transmission line, loss of a large generator or load, or loss
of a tie between two subsystems. The system response to a disturbance involves much
of the equipment. For example, a short-circuit on a critical element followed by its
isolation by protective relays will cause variations in power transfers, machine rotor
speeds, and bus voltages; the voltage variations will actuate both generator and
transmission system voltage regulators; the speed variations will actuate prime mover
governors; the change in tie line loadings may actuate generation controls; the changes
in voltage and frequency will affect loads on the system in varying degrees depending
on their individual characteristics. In addition, devices used to protect individual
equipment may respond to variations in system variables and thus affect the system
performance. In any given situation, however, the responses of only a limited amount
of equipment may be significant. Therefore, many assumptions are usually made to
simplify the problem and to focus on factors influencing the specific type of stability
problem. The understanding of stability problems is greatly facilitated by the
classification of stability into various categories.

The following sections will explore different forms of power system instability
and associated concepts by considering, where appropriate, simple power system
configurations. Analysis of such systems using idealized models will help identify
fundamental properties of each form of stability problem. |

2.1.1 Rotor Angle Stability

Rotor angle stability is the ability of interconnected synchronous machines of
a power system to remain in synchronism. The stability problem involves the study
of the electromechanical oscillations inherent in power systems. A fundamental factor
in this problem is the manner in which the power outputs of synchronous machines
vary as their rotors oscillate. A brief. discussion of synchronous machine
characteristics is helpful as a first step in developing the related basic concepts.
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Synchronous machine characteristics

The characteristics and modelling of synchronous machines will be covered in
considerable detail in Chapters 3, 4, and 5. Here discussion is limited to the basic
characteristics associated with synchronous operation.

A synchronous machine has two essential elements: the field and the armature.
Normally, the field is on the rotor and the armature is on the stator. The field winding
is excited by direct current. When the rotor is driven by a prime mover (turbine), the
rotating magnetic field of the field winding induces alternating voltages in the three-
phase armature windings of the stator. The frequency of the induced alternating
voltages and of the resulting currents that flow in the stator windings when a load is
connected depends on the speed of the rotor. The frequency of the stator electrical
quantities is thus synchronized with the rotor mechanical speed: hence the designation
“synchronous machine.”

When two or more synchronous machines are interconnected, the stator
voltages and currents of all the machines must have the same frequency and the rotor
mechanical speed of each is synchronized to this frequency. Therefore, the rotors of
all interconnected synchronous machines must be in synchronism.

The physical arrangement (spatial distribution) of the stator armature windings
is such that the time-varying alternating currents flowing in the three-phase windings
produce a rotating magnetic field that, under steady-state operation, rotates at the same
speed as the rotor (see Chapter 3, Section 3.1.3). The stator and rotor fields react with
each other and an electromagnetic torque results from the tendency of the two fields
to align themselves. In a generator, this electromagnetic torque opposes rotation of the
rotor, so that mechanical torque must be applied by the prime mover to sustain
rotation. The electrical torque (or power) output of the generator is changed only by
changing the mechanical torque input by the prime mover. The effect of increasing
the mechanical torque input is to advance the rotor to a new position relative to the
revolving magnetic field of the stator. Conversely, a reduction of mechanical torque
or power input will retard the rotor position. Under steady-state operating conditions,
 the rotor field and the revolving field of the stator have the same speed. However,
there is an angular separation between them depending on the electrical torque (or
power) output of the generator.

In a synchronous motor, the roles of electrical and mechanical torques are
reversed compared to those in a generator. The electromagnetic torque sustains
rotation while mechanical load opposes rotation. The effect of increasing the
mechanical load is to retard the rotor position with respect to the revolving field of
the stator.

In the above discussion, the terms forque and power have been used
interchangeably. This is common practice in the power system stability literature,
since the average rotational velocity of the machines is constant even though there
may be small momentary excursions above and below synchronous speed. The per
unit values of torque and power are, in fact, very nearly equal.
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Power versus angle relationship

An important characteristic that has a bearing on power system stability is the
relationship between interchange power and angular positions of the rotors of
synchronous machines. This relationship is highly nonlinear. To illustrate this let us
consider the simple system shown in Figure 2.1(a). It consists of two synchronous
machines connected by a transmission line having an inductive reactance X, but
negligible resistance and capacitance. Let us assume that machine 1 represents a
generator feeding power to a synchronous motor represented by machine 2.

The power transferred from the generator to the motor is a function of angular
separation (8) between the rotors of the two machines. This angular separation is due
to three components: generator internal angle 8, (angle by which the generator rotor
leads the revolving field of the stator); angular difference between the terminal
voltages of the generator and motor (angle by which the stator field of the generator
leads that of the motor); and the internal angle of the motor (angle by which the rotor
lags the revolving stator field). Figure 2.1(b) shows a model of the system that can
be used to determine the power versus angle relationship. A simple model comprising
an internal voltage behind an effective reactance is used to represent each synchronous
machine. The value of the machine reactance used depends on the purpose of the
study. For analysis of steady-state performance, it is appropriate to use the
synchronous reactance with the internal voltage equal to the excitation voltage. The
basis for such a model and the approximations associated with it are presented in
Chapter 3.

A phasor diagram identifying the relationships between generator and motor
voltages is shown in Figure 2.1(c). The power transferred from the generator to the
motor is given by

E.E
P = S Mgins (2.1)

where
Xp = X+ X+ Xy

The corresponding power versus angle relationship is plotted in Figure 2.1(d). With
the somewhat idealized models used for representing the synchronous machines, the
power varies as a sine of the angle: a highly nonlinear relationship. With more
accurate machine models including the effects of automatic voltage regulators, the
variation in power with angle would deviate significantly from the sinusoidal
relationship; however, the general form would be similar. When the angle is zero, no
power is transferred. As the angle is increased, the power transfer increases up to a
maximum. After a certain angle, nominally 90°, a further increase in angle results in
a decrease in power transferred. There is thus a maximum steady-state power that can
be transmitted between the two machines. The magnitude of the maximum power is
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Machine 1 Machine 2

(a) Single-line diagram

(b) Idealized model

(c) Phasor diagram

(d) Power-angle curve

Figure 2.1 Power transfer characteristic of
a two-machine system
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directly proportional to the machine internal voltages and inversely proportional to the
reactance between the voltages, which includes reactance of the transmission line
connecting the machines and the reactances of the machines.

When there are more than two machines, their relative angular displacements
affect the interchange of power in a similar manner. However, limiting values of
power transfers and angular separation are a complex function of generation and load
distribution. An angular separation of 90° between any two machines (the nominal
limiting value for a two-machine system) in itself has no particular significance.

The stability phenomena

Stability is a condition of equilibrium between opposing forces. The
mechanism by which interconnected synchronous machines maintain synchronism
with one another is through restoring forces, which act whenever there are forces
tending to accelerate or decelerate one or more machines with respect to other
machines. Under steady-state conditions, there is equilibrium between the input
mechanical torque and the output electrical torque of each machine, and the speed
remains constant. If the system is perturbed this equilibrium is upset, resulting in
acceleration or deceleration of the rotors of the machines according to the laws of
motion of a rotating body. If one generator temporarily runs faster than another, the
angular position of its rotor relative to that of the slower machine will advance. The
resulting angular difference transfers part of the load from the slow machine to the
fast machine, depending on the power-angle relationship. This tends to reduce the
speed difference and hence the angular separation. The power-angle relationship, as
discussed above, is highly nonlinear. Beyond a certain limit, an increase in angular
separation is accompanied by a decrease in power transfer; this increases the angular
separation further and leads to instability. For any given situation, the stability of the
system depends on whether or not the deviations in angular positions of the rotors
result in sufficient restoring torques.

When a synchronous machine loses synchronism or “falls out of step” with the
rest of the system, its rotor runs at a higher or lower speed than that required to
generate voltages at system frequency. The “slip” between rotating stator field
(corresponding to system frequency) and the rotor field results in large fluctuations
in the machine power output, current, and voltage; this causes the protection system
to isolate the unstable machine from the system.

Loss of synchronism can occur between one machine and the rest of the
system or between groups of machines. In the latter case synchronism may be
maintained within each group after its separation from the others.

The synchronous operation of interconnected synchronous machines is in some
ways analogous to several cars speeding around a circular track while joined to each
other by elastic links or rubber bands. The cars represent the synchronous machine
rotors and the rubber bands are analogous to transmission lines. When all the cars run
side by side, the rubber bands remain intact. If force applied to one of the cars causes
it to speed up temporarily, the rubber bands connecting it to the other cars will
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stretch; this tends to slow down the faster car and speed up the other cars. A chain
reaction results until all the cars run at the same speed once again. If the pull on one
of the rubber bands exceeds its strength, it will break and one or more cars will pull
away from the other cars.

With electric power systems, the change in electrical torque of a synchronous
machine following a perturbation can be resolved into two components:

AT = TA+T,Aw (2.2)

where

T,AS is the component of torque change in phase with the rotor angle
perturbation AS and is referred to as the synchronizing torque component; T’
is the synchronizing torque coefficient.

TpAo is the component of torque in phase with the speed deviation Ao and
is referred to as the damping torque component; T}, is the damping torque
coefficient.

System stability depends on the existence of both components of torque for each of
the synchronous machines. Lack of sufficient synchronizing torque results in
instability through an aperiodic drift in rotor angle. On the other hand, lack of
sufficient damping torque results in oscillatory instability.

For convenience in analysis and for gaining useful insight into the nature of
stability problems, it is usual to characterize the rotor angle stability phenomena in
terms of the following two categories:

(a) Small-signal (or small-disturbance) stability is the ability of the power system
to maintain synchronism under small disturbances. Such disturbances occur
continually on the system because of small variations in loads and generation.
The disturbances are considered sufficiently small for linearization of system
equations to be permissible for purposes of analysis. Instability that may result
can be of two forms: (i) steady increase in rotor angle due to lack of sufficient
synchronizing torque, or (ii) rotor oscillations of increasing amplitude due to
lack of sufficient damping torque. The nature of system response to small
disturbances depends on a number of factors including the initial operating, the
transmission system strength, and the type of generator excitation controls
used. For a generator connected radially to a large power system, in the
absence of automatic voltage regulators (i.e., with constant field voltage) the
instability is due to lack of sufficient synchronizing torque. This results in
instability through a non-oscillatory mode, as shown in Figure 2.2(a). With
continuously acting voltage regulators, the small-disturbance stability problem
is one of ensuring sufficient damping of system oscillations. Instability is
normally through oscillations of increasing amplitude. Figure 2.2(b) illustrates
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(b)

the nature of generator response with automatic voltage regulators.

In today’s practical power systems, small-signal stability is largely a problem
of insufficient damping of oscillations. The stability of the following types of
oscillations is of concern:

® Local modes or machine-system modes are associated with the swinging of
units at a generating station with respect to the rest of the power system.
The term local is used because the oscillations are localized at one station
or a small part of the power system.

e [nterarea modes are associated with the swinging of many machines in one
part of the system against machines in other parts. They are caused by two
or more groups of closely coupled machines being interconnected by weak
ties.

e Control modes are associated with generating units and other controls.
Poorly tuned exciters, speed governors, HVDC converters and static var
compensators are the usual causes of instability of these modes.

e Torsional modes are associated with the turbine-generator shaft system
rotational components. Instability of torsional modes may be caused by
interaction with excitation controls, speed governors, HVDC controls, and
series-capacitor-compensated lines.

Transient stability is the ability of the power system to maintain synchronism
when subjected to a severe transient disturbance. The resulting system response
involves large excursions of generator rotor angles and is influenced by the
nonlinear power-angle relationship. Stability depends on both the initial
operating state of the system and the severity of the disturbance. Usually, the
system 1is altered so that the post-disturbance steady-state operation differs
from that prior to the disturbance.

Disturbances of widely varying degrees of severity and probability of
occurrence can occur on the system. The system is, however, designed and
operated so as to be stable for a selected set of contingencies. The
contingencies usually considered are short-circuits of different types: phase-to-
ground, phase-to-phase-to-ground, or three-phase. They are usually assumed
to occur on transmission lines, but occasionally bus or transformer faults are
also considered. The fault is assumed to be cleared by the opening of
appropriate breakers to isolate the faulted element. In some cases, high-speed
reclosure may be assumed.

Figure 2.3 illustrates the behaviour of a synchronous machine for stable and
unstable situations. It shows the rotor angle responses for a stable case and for
two unstable cases. In the stable case (Case 1), the rotor angle increases to a
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Figure 2.3 Rotor angle response to a transient disturbance

maximum, then decreases and oscillates with decreasing amplitude until it
reaches a steady state. In Case 2, the rotor angle continues to increase steadily
until synchronism is lost. This form of instability is referred to as first-swing
instability and is caused by insufficient synchronizing torque. In Case 3; the
system is stable in the first swing but becomes unstable as a result of growing
oscillations as the end state is approached. This form of instability generally
occurs when the postfault steady-state condition itself is “small-signal”
unstable, and not necessarily as a result of the transient disturbance.

In large power systems, transient instability may not always occur as first-
swing instability; it could be the result of the superposition of several modes
of oscillation causing large excursions of rotor angle beyond the first swing.

In transient stability studies the study period of interest is usually limited to
3 to 5 seconds following the disturbance, although it may extend to about ten
seconds for very large systems with dominant interarea modes of oscillation.

The term dynamic stability has also been widely used in the literature as a
class of rotor angle stability. However, it has been used to denote different aspects of
the phenomenon by different authors. In North American literature, it has been used
mostly to denote small-signal stability in the presence of automatic control devices
(primarily generator voltage regulators) as distinct from the classical steady-state
stability without automatic controls [1,2]. In the French and German literature, it has
been used to denote what we have termed here tranmsient stability. Since much
confusion has resulted from use of the term dynamic stability, both CIGRE and IEEE
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have recommended that it not be used [3,4].
2.1.2 Voltage Stability and Voltage Collapse

Voltage stability is the ability of a power system to maintain steady acceptable
voltages at all buses in the system under normal operating conditions and after being
subjected to a disturbance. A system enters a state of voltage instability when a
disturbance, increase in load demand, or change in system condition causes a
progressive and uncontrollable drop in voltage. The main factor causing instability is
the inability of the power system to meet the demand for reactive power. The heart
of the problem is usually the voltage drop that occurs when active power and reactive
power flow through inductive reactances associated with the transmission network

5-7].

| A criterion for voltage stability is that, at a given operating condition for every
bus in the system, the bus voltage magnitude increases as the reactive power injection
at the same bus is increased. A system is voltage unstable if, for at least one bus in
the system, the bus voltage magnitude (V) decreases as the reactive power injection
(Q) at the same bus is increased. In other words, a system is voltage stable if V-0
sensitivity is positive for every bus and voltage unstable if V-Q sensitivity is negative
for at least one bus.

Progressive drop in bus voltages can also be associated with rotor angles going
out of step. For example, the gradual loss of synchronism of machines as rotor angles
between two groups of machines approach or exceed 180° would result in very low
voltages at intermediate points in the network (see Chapter 13, Section 13.5.3). In
contrast, the type of sustained fall of voltage that is related to voltage instability
occurs where rotor angle stability is not an issue.

Voltage instability is essentially a local phenomenon; however, its
consequences may have a widespread impact. Voltage collapse is more complex than
simple voltage instability and is usually the result of a sequence of events
accompanying voltage instability leading to a low-voltage profile in a significant part
of the power system.

Voltage instability may occur in several different ways. In its simple form it
can be illustrated by considering the two terminal network of Figure 2.4 [5]. It
consists of a constant voltage source (Eg) supplying a load (Z;,) through a series
impedance (Z;,). This is representative of a simple radial feed to load or a load area
served by a large system through a transmission line.

The expression for current 7 in Figure 2.4 is

A . (23)
ZintZip

where [ and Eg are phasors, and

N
|
2
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Figure 2.4 A simple radial system for illustration
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The magnitude of the current is given by

Eg

I =

‘/ (Z,ycos0+Z, jcosdp)* +(Z,,sin@+Z, sind)”

This may be expressed as
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The magnitude of the receiving end voltage is given by

Ve = Z,p1

1 Zp
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The power supplied to the load is

Py, = ViIcosd
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plots of 1, V, and Py are shown in Figure 2.5 as a function of Z;y/Z; p, for the case
with tan6=10.0 and cos¢ =0.95. To make the results applicable to any value of Z;, the
values of I, V5, and Pp are appropriately normalized.

As the load demand is increased by decreasing Z;,, Py increases rapidly at
first and then slowly before reaching a maximum, after which it decreases. There is
thus a maximum value of active power that can be transmitted through an impedance
from a constant voltage source.
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Figure 2.5 Receiving end voltage, current and power as a function
of load demand for the system of Figure 2.4

(I, =Ei|Z,,; cosp=0.95 lag; tan6=10.0)

The power transmitted is maximum when the voltage drop in the line is equal
in magnitude to Vp, that is when Z;,/Z;p=1. As Z;p is decreased gradually, /
increases and V', decreases. Initially, at high values of Z, ,, the increase in / dominates
over the decrease in Vp, and hence Py increases rapidly with decrease in Z; . As Z;
approaches Z;,, the effect of the decrease in / is only slightly greater than that of the
decrease in Vy. When Z; is less than Z;,, the decrease in V' dominates over the
increase in /, and the net effect is a decrease in Py,

The critical operating condition corresponding to maximum power represents
the limit of satisfactory operation. For higher load demand, control of power by
varying load would be unstable; that is, a decrease in load impedance reduces power.
Whether voltage will progressively decrease and the system will become unstable
depends on the load characteristics. With a constant-impedance static load
characteristic, the system stabilizes at power and voltage levels lower than the desired
values. On the other hand, with a constant-power load characteristic, the system



30 Introduction to the Power System Stability Problem Chap. 2

becomes unstable through collapse of the load bus voltage. With other characteristics,
the voltage is determined by the composite characteristic of the transmission line and
load. If the load is supplied by transformers with automatic underload tap-changing
(ULTC), the tap-changer action will try to raise the load voltage. This has the effect
of reducing the effective Z;,, as seen from the system. This in turn lowers Vj still
further and leads to a progressive reduction of voltage. This is a simple and pure form
of voltage instability.

From the viewpoint of voltage stability, the relationship between P, and V' is
of interest. This is shown in Figure 2.6 for the system under consideration when the
load power factor is equal to 0.95 lag.

From Equations 2.5 and 2.6, we see that the load-power factor has a significant
effect on the power-voltage characteristics of the system. This is to be expected since
the voltage drop in the transmission line is a function of active as well as reactive
power transfer. Voltage stability, in fact, depends on the relationships between P, O
and V. The traditional forms displaying these relationships are shown in Figures 2.7
and 2.8.

Figure 2.7 shows, for the power system of Figure 2.4, curves of the Vjp-Pp
relationship for different values of load power factor. The locus of critical operating
points is shown by the dotted line in the figure. Normally, only the operating points
above the critical points represent satisfactory operating conditions. A sudden
reduction in power factor (increase in (Jp) can thus cause the system to change from
a stable operating condition to an unsatisfactory, and possibly unstable, operating
condition represented by the lower part of a V-P curve.
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Figure 2.6 Power-voltage characteristics of
the system of Figure 2.4

(cosd =0.95 lag; tan6 =10.0)
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The influence of the reactive power characteristics of the devices at the
receiving end (loads and compensating devices) is more apparent in Figure 2.8. It
shows a family of curves applicable to the power system of Figure 2.4, each of which
represents the relationship between Vp and Qp for a fixed value of Pp. The system is
stable in the region where the derivative dQr/dVy is positive. The voltage stability
limit (critical operating point) is reached when the derivative is zero. Thus the parts
of the O-V curves to the right of the minima represent stable operation, and the parts
to the left represent unstable operation. Stable operation in the region where dQx/dV 5
is negative can be achieved only with a regulated reactive power compensation having
sufficient control range and a high Q/V gain with a polarity opposite to that of the
normal.

The above description of the voltage stability phenomenon is basic and
intended to help classification and understanding of different aspects of power system
stability. Analysis has been limited to a radial system because it presents a simple, yet
clear, picture of the voltage stability problem. In complex practical power systems,
many factors contribute to the process of system collapse because of voltage
instability: strength of transmission system; power-transfer levels; load characteristics;
generator reactive power capability limits; and characteristics of reactive power
compensating devices. In some cases, the problem is compounded by uncoordinated
action of various controls and protective systems.

For purposes of analysis, it is useful to classify voltage stability into the
following two subclasses:

(a)  Large-disturbance voltage stability is concerned with a system’s ability to
control voltages following large disturbances such as system faults, loss of
generation, or circuit contingencies. This ability 1s determined by the system-
load characteristics and the interactions of both continuous and discrete
controls and protections. Determination of large-disturbance stability requires
the examination of the nonlinear dynamic performance of a system over a
period of time sufficient to capture the interactions of such devices as ULTCs
and generator field-current limiters. The study period of interest may extend
from a few seconds to tens of minutes. Therefore, long-term dynamic
simulations are required for analysis.

A criterion for large-disturbance voltage stability is that, following a given
disturbance and following system-control actions, voltages at all buses reach
acceptable steady-state levels.

(b)  Small-disturbance voltage stability is concerned with a system’s ability to
control voltages following small perturbations such as incremental changes in
system load. This form of stability is determined by the characteristics of load,
continuous controls, and discrete controls at a given instant of time. This
concept is useful in determining, at any instant, how the system voltage will
respond to small system changes.
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The basic processes contributing to small-disturbance voltage instability are
essentially of a steady-state nature. Therefore, static analysis can be effectively
used to determine stability margins, identify factors influencing stability, and
examine a wide range of system conditions and a large number of post-
contingency scenarios [8].

A criterion for small-disturbance voltage stability is that, at a given operating
condition for every bus in the system, the bus voltage magnitude increases as
the reactive power injection at the same bus is increased. A system is voltage-
unstable if, for at least one bus in the system, the bus voltage magnitude (V)
decreases as the reactive power injection (Q) at the same bus is increased. In
other words, a system is voltage-stable if V-Q sensitivity is positive for every
bus and unstable if V-0 sensitivity is negative for at least one bus.

Voltage instability does not always occur in its pure form. Often the angle and
voltage instabilities go hand in hand. One may lead to the other and the distinction
may not be clear. However, a distinction between angle stability and voltage stability
is important for understanding of the underlying causes of the problems in order to
develop appropriate design and operating procedures.

A more detailed discussion of voltage stability, including analytical techniques
and methods of preventing voltage collapse, is presented in Chapter 14. A
comprehensive treatment of the subject, with an in-depth analysis of the problem, is
presented in the companion book Power System Voltage Stability by C.W. Taylor.

2.1.3 Mid-Term and Long-Term Stability

The terms long-term stability and mid-term stability are relatively new to the
literature on power system stability. They were introduced as a result of the need to
deal with problems associated with the dynamic response of power systems to severe
upsets [9-13]. Severe system upsets result in large excursions of voltage, frequency,
and power flows that thereby invoke the actions of slow processes, controls, and
protections not modelled in conventional transient stability studies. The characteristic
times of the processes and devices activated by the large voltage and frequency shifts
will range from a matter of seconds (the responses of devices such as generator
controls and protections) to several minutes (the responses of devices such as prime
mover energy supply systems and load-voltage regulators) [10,14].

Long-term stability analysis assumes that inter-machine synchronizing power
oscillations have damped out, the result being uniform system frequency [3,11,15].
The focus is on the slower and longer-duration phenomena that accompany large-scale
system upsets and on the resulting large, sustained mismatches between generation
and consumption of active and reactive power. These phenomena include: boiler
dynamics of thermal units, penstock and conduit dynamics of hydro units, automatic
generation control, power plant and transmission system protection/controls,
transformer saturation, and off-nominal frequency effects on loads and the network.
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The mid-term response represents the transition between short-term and long-
term responses. In mid-term stability studies, the focus is on synchronizing power
oscillations between machines, including the effects of some of the slower
phenomena, and possibly large voltage or frequency excursions.

Typical ranges of time periods are as follows:

Short-term or transient: 0 to 10 seconds
Mid-term: 10 seconds to a few minutes
Long-term: a few minutes to 10’s of minutes

It should, however, be noted that the distinction between mid-term and long-
term stability is primarily based on the phenomena being analyzed and the system
representation used, particularly with regard to fast transients and inter-machine
oscillations, rather than the time period involved.

Generally, the long-term and mid-term stability problems are associated with
inadequacies in equipment responses, poor coordination of control and protection
equipment, or insufficient active/reactive power reserves.

Long-term stability is usually concerned with system response to major
disturbances that involve contingencies beyond the normal system design criteria. This
may entail cascading and splitting of the power system into a number of separate
islands with the generators in each island remaining in synchronism. Stability in this
case is a question of whether or not each island will reach an acceptable state of
operating equilibrium with minimal loss of load. It is determined by the overall
response of the island as evidenced by its mean frequency, rather than the relative
motion of machines. In an extreme case, the system- and unit protections may
compound the adverse situation and lead to a collapse of the island as a whole or in
part.

Other applications of long-term and mid-term stability analysis include
dynamic analysis of voltage stability requiring simulation of the effects of transformer
tap-changing, generator overexcitation protection and reactive power limits, and
thermostatic loads. In this case, inter-machine oscillations are not likely to be
important. However, care should be exercised not to neglect some of the fast
dynamics.

There is limited experience and literature related to the analysis of long-term
and mid-term stability. As more experience is gained and improved analytical
techniques for simulation of slow as well as fast dynamics become available, the
distinction between mid-term and long-term stability becomes less significant.

2.2 CLASSIFICATION OF STABILITY

Power system stability is a single problem; however, it is impractical to study
it as such. As seen in the previous section, instability of a power system can take
different forms and can be influenced by a wide range of factors. Analysis of stability
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roblems, identification of essential factors that contribute to instability, and formation
of methods of improving stable operation are greatly facilitated by classification of
stability into appropriate categories. These are based on the following considerations:

o The physical nature of the resulting instability;
o The size of the disturbance considered;

o The devices, processes, and time span that must be taken into consideration in
order to determine stability; and

o The most appropriate method of calculation and prediction of stability.

Figure 2.9 gives an overall picture of the power system stability problem,
identifying its classes and subclasses in terms of the categories described in the
previous section. As a practical necessity, the classification has been based on a
number of diverse considerations, making it difficult to select clearly distinct
categories and to provide definitions that are rigorous and yet convenient for practical
use. For example, there is some overlap between mid-term/long-term stability and
voltage stability. With appropriate models for loads, on-load transformer tap changers
and generator reactive power limits, mid-term/long-term stability simulations are
ideally suited for dynamic analysis of voltage stability. Similarly, there is overlap
between transient, mid-term and long-term stability: all three use similar analytical
techniques for simulation of the nonlinear time domain response of the system to large
disturbances. Although the three categories are concerned with different aspects of the
stability problem, in terms of analysis and simulation they are really extensions of one
another without clearly defined boundaries.

While classification of power system stability is an effective and convenient
means to deal with the complexities of the problem, the overall stability of the system
should always be kept in mind. Solutions to stability problems of one category should
not be at the expense of another. It is essential to look at all aspects of the stability
phenomena and at each aspect from more than one viewpoint. This requires the
development and wise use of different kinds of analytical tools. In this regard, some
degree of overlap in the phenomena being analyzed is in fact desirable.
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2.3 HISTORICAL REVIEW OF STABILITY PROBLEMS

Power system stability is a complex subject that has challenged power system
engineers for many years. A review of the history of the subject is useful for a better
understanding of present-day stability problems.

The stability of power systems was first recognized as an important problem
in 1920 [16]. Results of the first laboratory tests on miniature systems were reported
in 1924 [17]; the first field tests on the stability on a practical power system were
conducted in 1925 [18,19].

Early stability problems were associated with remote hydroelectric generating
stations feeding into metropolitan load centres over long-distance transmission. For
economic reasons, such systems were operated close to their steady- state stability
limits. In a few instances, instability occurred during steady-state operation, but it
occurred more frequently following short-circuits and other system disturbances [20].
The stability problem was largely influenced by the strength of the transmission
system, with instability being the result of insufficient synchronizing torque. The fault-
clearing times were slow, being in the order of 0.5 to 2.0 seconds or longer.

The methods of analysis and the models used were dictated by developments
in the art of computation and the stability theory of dynamic systems. Slide rules and
mechanical calculators were used; hence, the models and methods of analysis had to
be simple. In addition, graphical techniques such as the equal-area criterion and circle
diagrams were developed. Such techniques were adequate for the analysis of the
simple systems that could be treated effectively as two-machine systems. Steady-state
and transient stability were treated separately. The former was related to the slope and
peak of the power-angle curve; it was taken for granted that damping was positive.

As power systems evolved and interconnections between independent systems
were found to be economically attractive, the complexity of the stability problems
increased. Systems could no longer be treated as two-machine systems. A significant
step towards the improvement of stability calculations was the development in 1930
of the network analyzer (or the ac calculating board). A network analyzer is
essentially a scaled model of an ac power system with adjustable resistors, reactors
and capacitors to represent transmission network and loads, voltage sources whose
magnitude and angle can be adjusted to represent generators, and meters to measure
voltages, currents, and power anywhere in the network. This development permitted
power-flow analysis of multimachine systems; however, the equation of motion or the
swing equation still had to be solved by hand using step-by-step numerical integration.

The theoretical work carried out in the 1920s and early 1930s laid the
foundation for the industry’s basic understanding of the power system stability
phenomena. The principal developments and knowledge of power system stability in
this early period came about as a result of the study of long-distance transmission,
rather than as an extension of synchronous machine theory. The emphasis was on the
network; the generators were viewed as simple voltage sources behind fixed
reactances, and loads were considered as constant impedances. This was a practical
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necessity since the computational tools available during this period were suited for
solution of algebraic equations, but not differential equations.

Improvements to system stability came about by way of faster-fault clearing
and continuous-acting voltage regulators with no dead band. The benefits of an
excitation system with a high degree of response for increasing steady-state stability
were in fact recognized in the early 1920s; however, initially this region of “dynamic
stability” was not recommended for normal operation but was treated as additional
margin in determining operating limits. With the increased realization of the potential
benefits of faster-responding excitation systems in limiting first-swing transient
instability as well as increasing steady-state power transfer limits, their use became
more commonplace. However, the use of high-response exciters in some cases
resulted in decreased damping of power swings. Oscillatory instability thus became
a cause for concern, while steady-state monotonic instability was virtually eliminated.
These trends required better analytical tools. Synchronous machine and excitation
system representation had to be more detailed and simulations had to be carried out
for longer time periods.

In the early 1950s, electronic analog computers were used for analysis of
special problems requiring detailed modelling of the synchronous machine, excitation
system, and speed governor. Such simulations were suited for a detailed study of the
effects of equipment characteristics rather than the overall behaviour of multimachine
systems. The 1950s also saw the development of digital computers: the first digital
computer program for power system stability analysis was developed about 1956. The
models used in the early stability programs were similar to those of network analyzer
studies. It was soon recognized that digital computer programs would allow
improvements over network analyzer methods in both the size of the network that
could be simulated and the modelling of equipment dynamic characteristics. They
would provide the ideal means for the study of stability problems associated with
growth in interconnections between formerly separate power systems.

In the 1960s, most of the power systems in the United States and Canada were
joined as part of one of two large interconnected systems, one in the east and the
other in the west. In 1967, low capacity HVDC ties were also established between the
east and west systems. At present, the power systems in the United States and Canada
form virtually one large system. While interconnections result in operating economy
and increased reliability through mutual assistance, they also contribute to increased
complexity of stability problems and increase the consequences of instability. The
northeast blackout of November 9, 1965 made this abundantly clear; it brought the
problem of stability and the importance of power system reliability beyond the focus
of engineers and to the attention of the public and of the regulatory agencies [25].

Much of the industry effort and interest related to system stability since the
1960s has been concentrated on transient stability. Power systems are designed and
operated to criteria concerning transient stability. As a consequence, the principal tool
for stability analysis in power system design and operation has been the transient
stability program. Very powerful programs have been developed, with facilities for
representing very large systems and detailed equipment models. This has been greatly
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facilitated by developments in numerical methods and digital computer technology.
There have also been significant developments in equipment modelling and testing,
particularly for synchronous machines, excitation systems, and loads. In addition,
significant improvements in transient stability performance of power systems have
been achieved through use of high-speed fault-clearing, high initial-response exciters,
series capacitors, and special stability aids.

Accompanying the above trends has been an increased tendency of power
systems to exhibit oscillatory instability. Higher-response exciters, while improving
transient stability, adversely affect small-signal stability associated with local plant
modes of oscillation by introducing negative damping. The effects of fast exciters are
compounded by the decreasing strength of transmission systems relative to the size
of generating stations. Such problems have been solved through use of power system
stabilizers (see Chapter 12).

Another source of the oscillatory instability problem has been the formation,
as a consequence of growth in interconnections among power systems, of large groups
of closely coupled machines connected by weak links. With heavy power transfers,
such systems exhibit interarea modes of oscillation of low frequency. In many
situations, the stability of these modes has become a source of concern.

Present trends in the planning and operation of power systems have resulted
in new kinds of stability problems. Financial and regulatory conditions have caused
electric utilities to build power systems with less redundancy and operate them closer
to transient stability limits. Interconnections are continuing to grow with more use of
new technologies such as multiterminal HVDC transmission. More extensive use is
being made of shunt capacitors. Composition and characteristics of loads are
changing. These trends have contributed to significant changes in the dynamic
characteristics of modern power systems. Modes of instability are becoming
increasingly more complex and require a comprehensive consideration of the various
aspects of system stability. In particular, voltage instability and low-frequency
interarea oscillations have become greater sources of concern than in the past.
Whereas these problems used to occur in isolated situations, they have now become
more commonplace. The need for analyzing the long-term dynamic response
following major upsets and ensuring proper coordination of protection and control
systems is also being recognized.

Significant research and development work has been undertaken in the last few
years to gain a better insight into physical aspects of these new stability problems and
to develop analytical tools for their analysis and better system design. Developments
in control system theory and numerical methods have had a significant influence on
this work. The following chapters describe these new developments and provide a
comprehensive treatment of the subject of power system stability.
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Synchronous Machine Theory
and Modelling

Synchronous generators form the principal source of electric energy in power
systems. Many large loads are driven by synchronous motors. Synchronous
condensers are sometimes used as a means of providing reactive power compensation
and controlling voltage. These devices operate on the same principle and are
collectively referred to as synchronous machines. As discussed in Chapter 2, the
power system stability problem is largely one of keeping interconnected synchronous
machines in synchronism. Therefore, an understanding of their characteristics and
accurate modelling of their dynamic performance are of fundamental importance to
the study of power system stability.

The modelling and analysis of the synchronous machine has always been a
challenge. The problem was worked on intensely in the 1920s and 1930s [1,2,3], and
has been the subject of several more recent investigations [4-9]. The theory and
performance of synchronous machines have also been covered in a number of books
[10-14].

In this chapter, we will develop in detail the mathematical model of a
synchronous machine and briefly review its steady-state and transient performance
characteristics.

45
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Axis of phase b\ } g-axis

Armature winding ) Field winding

Stator

Axis of phase ¢

Figure 3.1 Schematic diagram of a three-phase synchronous machine

3.1 PHYSICAL DESCRIPTION

Figure 3.1 shows the schematic of the cross section of a three-phase
synchronous machine with one pair of field poles. The machine consists of two
essential elements: the field and the armature. The field winding carries direct current
and produces a magnetic field whick induces alternating voltages in the armature
windings. 7

3.1.1 Armature and Field Structure

The armature windings usually operate at a voltage that is considerably higher
than that of the field and thus they require moré space for insulation. They are also
subject to high transient currents and must have adequate mechanical strength.
Therefore, normal practice is to have the armature on the stator. The three-phase
windings of the armature are distributed 120° apart in space so that, with uniform
rotation of the magnetic field, voltages displaced by 120° in time phase will be
produced in the windings. Because the armature is subjected to a varying magnetic
flux, the stator iron is built up of thin laminations to reduce eddy current losses.
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When carrying balanced three-phase currents, the armature will produce a
magnetic field in the air-gap rotating at synchronous speed (this will be formally
shown in Section 3.1.3). The field produced by the direct current in the rotor winding,
on the other hand, revolves with the rotor. For production of a steady torque, the
fields of stator and rotor must rotate at the same speed. Therefore, the rotor must run
at precisely the synchronous speed.

The number of field poles is determined by the mechanical speed of the rotor
and electric frequency of stator currents. The synchronous speed is given by

n = 120 3.1)
Py

where # is the speed in rev/min, fis the frequency in Hz, and p,is the number of field
poles.

There are two basic rotor structures used, depending on speed. Hydraulic
turbines operate at low speeds and hence a relatively large number of poles are
required to produce the rated frequency. A rotor with salient or projecting poles and
concentrated windings is better suited mechanically to this situation. Such rotors often
have damper windings or amortisseurs in the form of copper or brass rods embedded
in the pole face. These bars are connected to end rings to form short-circuited
windings similar to those of a squirrel cage induction motor, as shown in Figure
3.2(a). They are intended to damp out speed oscillations. The damper windings may
also be non-continuous, being wound only about the pole pieces as shown in Figure
3.2(b). The space harmonics of the armature magnetomotive force (mmf) contribute
to surface eddy current losses; therefore, pole faces of salient pole machines are
usually laminated.

Steam and gas turbines, on the other hand, operate at high speeds. Their
generators have round (or cylindrical) rotors made up of solid steel forgings. They
have two or four field poles, formed by distributed windings placed in slots milled in
the solid rotor and held in place by steel wedges. They often do not have special

(a) Continuous damper (b) Non-continuous damper

Figure 3.2 Salient pole rotor construction
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damper windings, but the solid steel rotor offers paths for eddy currents which have
effects equivalent to amortisseur currents. Some manufacturers provide for additional
damping effects and negative-sequence current capability by using metal wedges in
the field winding slots as damper bars and interconnecting them to form a damper
cage, or by providing separate copper rods underneath the wedges. Figure 3.3
illustrates the rotor structure.

Under steady-state conditions, the only rotor current that exists is the direct
current in the field winding. However, under dynamic conditions eddy currents are
induced on the rotor surface and slot walls, and in slot wedges or damper windings
(if used to produce additional damping). Figure 3.4 shows the rotor current paths of
a steam turbine generator.

Stator

Wedge -
2 & Rotor surface
S&ﬁ?&?@
\\\\ Field winding
& =— Slot wall

(a) Rotor structure (b) Rotor slot and windings

Figure 3.3 Solid round rotor construction

Damper/Wedge current

Eddy current Rotor surface
\ —g 5 E ?" eddy current

——— o el — —s— -----

[ ZZTTTTTT0) \Shaft LIOL

H R — o

\IiiioTiIiT . Slot wall
— g eddy current

Cylindrical rotor 0]

Field current

(a) Current paths (b) Components of currents associated
with an individual rotor slot

Figure 3.4 Current paths in a round rotor
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3.1.2 Machines with Multiple Pole Pairs

Machines with more than one pair of field poles will have stator windings
made up of a corresponding multiple set of coils. For purposes of analysis, it is
convenient to consider only a single pair of poles and recognize that conditions
associated with other pole pairs are identical to those for the pair under consideration.
Therefore, angles are normally measured in electrical radians or degrees. The angle
covered by one pole pair is 2 radians or 360 electrical degrees. The relationship
between angle 0 in electrical units and the corresponding angle 6,, in mechanical units

1S

o - Drg (3.2)

3.1.3 MMF Waveforms

In practice, the armature windings and round rotor machine field windings are
distributed in many slots so that the resulting mmf and flux waveforms have nearly
sinusoidal space distribution. In the case of salient pole machines, which have field
windings concentrated at the poles, shaping of the pole faces is used to minimize
harmonics in the flux produced.

First, let us consider the mmf waveform due to the armature windings only.
The mmf produced by current flowing in only one coil in phase a is illustrated in
Figure 3.5, in which the cross section of the stator has been cut open and rolled out
in order to develop a view of the mmf wave.

| MMF
MMF Distance along

periphery in
electrical degrees

Pont
\\/ s

Coil sides

Figure 3.5 MMF waveform due to a single coil



50 Synchronous Machine Theory and Modelling  Chap. 3
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Figure 3.6 MMF waveform due to a number of coils

By adding more coils, the mmf wave distribution shown in Figure 3.6 may be
obtained. We see that the mmf waveform is progressing from a square wave toward
a sine wave as coils are added. Through use of fractional-pitch windings, the space
harmonics can be made small [12]. Machine design aims at minimizing harmonics
and, for most analyses of machine performance, it is reasonable to assume that each
phase winding produces a sinusoidally distributed mmf wave. The windings are then
said to be sinusoidally distributed. The harmonics may be considered as secondary
from the viewpoint of machine performance. In addition to causing rotor surface eddy
current losses, harmonics contribute to armature leakage reactances.

Rotating magnetic field

Let us now determine the net mmf wave due to the three-phase windings in
the stator. Figure 3.7 shows the mmf wave of phase a.

With y representing the angle along the periphery of the stator with respect to
the centre of phase a, the mmf wave due to the three phases may be described as
follows:

MMF, = Ki cosy

MMF, = Kibcos(y——23l)

MMF, = Ki_cos(y +2?1r)
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Phase a Phase b Phase ¢
I I

0 8 21

Figure 3.7 Spatial mmf wave of phase a

where i, i, and i, are the instantaneous values of the phase currents and K is a
constant. Each winding produces a stationary mmf wave whose magnitude changes
as the instantaneous value of the current through the winding changes. The three mmf
waves due to the three phases are displaced 120 electrical degrees apart in space.
With balanced phase currents, and time origin arbitrarily chosen as the instant

when i, is maximum, we have
i, = I cos(w?)
i, = Imcos((ost—%t) (3.3)
i, = Imcos(mst+23£)

where  =27f=angular frequency of stator currents in electrical rad/s.
The total mmf due to the three phases is given by
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MMF,

to

., = MMF +MMF, +MMF,

KI [cos(w t)cosy +cos(wst—23£)cos(y —ZTTE) +

34
cos(wst+2?n)cos(y +2?ﬂ)] S

%Klmcos(y -w1)

This is the equation of a fravelling wave. At any instant in time, the total mmf has a
sinusoidal spatial distribution. It has a constant amplitude and a space-phase angle o,
which is a function of time. Thus, the entire mmf wave moves at the constant angular
velocity of o, electrical rad/s. For a machine with pyfield poles, the speed of rotation
of the stator field is

W, = —0 mech. rad/s (3.53)
by
or
L I (3.5b)
27 pf

This is the same as the synchronous speed of the rotor given by Equation 3.1.
Therefore, for balanced operation the mmf wave due to stator currents is stationary
with respect to the rotor.

The stator and rotor mmf waves are shown in Figure 3.8 relative to the rotor
structure, again with both stator and rotor cross sections rolled out.

The magnitude of the stator mmf wave and its relative angular position with
respect to the rotor mmf wave depend on the synchronous machine load (output). The
electromagnetic torque on the rotor acts in a direction so as to bring the magnetic
fields into alignment. If the rotor field leads the armature field, the torque acts in
opposition to the rotation with the machine acting as a generator. On the other hand,
if the rotor field lags the armature field, the torque acts in the direction of rotation
with the machine acting as a motor. In other words, for generator action, the rotor
field leads the armature field by the forward torque of a prime mover; for motor
action, the rotor field lags behind the armature field due to the retarding torque of
shaft load (mechanical).
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Figure 3.8 Stator and rotor mmf wave shapes

3.1.4 Direct and Quadrature Axes

We see that the magnetic circuits and all rotor windings are symmetrical with
respect to both polar axis and the inter-polar axis. Therefore, for the purpose of
identifying synchronous machine characteristics, two axes are defined as shown in
Figure 3.1:

L The direct (d) axis, centred magnetically in the centre of the north pole;
J The quadrature (gq) axis, 90 electrical degrees ahead of the d-axis.

The position of the rotor relative to the stator is measured by the angle 6
between the d-axis and the magnetic axis of phase a winding.

The selection of the g-axis as leading the d-axis is purely arbitrary. This
convention is based on the IEEE standard definition [15], and is widely used.
Alternatively, the g-axis could be chosen to lag the d-axis by 90 degrees [16,17].



54 Synchronous Machine Theory and Modelling Chap. 3

3.2 MATHEMATICAL DESCRIPTION OF
A SYNCHRONOUS MACHINE

In developing equations of a synchronous machine, the following assumptions
are made:

(a) The stator windings are sinusoidally distributed along the air-gap as far as the
mutual effects with the rotor are concerned.

(b) The stator slots cause no appreciable variation of the rotor inductances with
rotor position.

(c) Magnetic hysteresis is negligible.
(d) Magnetic saturation effects are negligible.

Assumptions (a), (b), and (c) are reasonable. The principal justification comes
from the comparison of calculated performances based on these assumptions and
actual measured performances. Assumption (d) is made for convenience in analysis.
With magnetic saturation neglected, we are required to deal with only linear coupled
circuits, making superposition applicable. However, saturation effects are important,
and methods of accounting for their effects separately in an approximate manner will
be discussed in Section 3.8. The machine equations will be developed first by
assuming linear flux-current relationships.

Figure 3.9 shows the circuits involved in the analysis of a synchronous
machine. The stator circuits consist of three-phase armature windings carrying
alternating currents. The rotor circuits comprise field and amortisseur windings. The
field winding is connected to a source of direct current. For purposes of analysis, the
currents in the amortisseur (solid rotor and/or damper windings) may be assumed to
flow in two sets of closed circuits: one set whose flux is in line with that of the field
along the d-axis and the other set whose flux is at right angles to the field axis or
along the g-axis. The amortisseur circuits, as discussed previously, take different
forms and distinct, electrically independent circuits may not exist. In machine design
analysis, a large number of circuits are used to represent amortisseur effects. For
system analysis, where the characteristics of the machine as seen from its stator and
rotor terminals are of interest, a limited number of circuits may be used. The type of
rotor construction and the frequency range over which the model should accurately
represent the machine characteristics determine the number of rotor circuits. For
system stability studies, it is seldom necessary to represent more than two or three
rotor circuits in each axis. In Figure 3.9, for the sake of simplicity only one
amortisseur circuit is assumed in each axis, and we will write the machine equations
based on this assumption. However, we implicitly consider an arbitrary number of
such circuits; the subscript & is used to denote this.



sec. 3.2  Mathematical Description of a Synchronous Machine 55

Rotation

®, elec. rad/s

a, b, ¢ : Stator phase windings

fd . Field winding

kd : d-axis amortisseur circuit

kq : g-axis amortisseur circuit

k = 1,2, .. n, n =no. of amortisseur circuits
©® = Angle by which d-axis leads the magnetic axis
of phase a winding, electrical rad

®, = Rotor angular velocity, electrical rad/s

Figure 3.9 Stator and rotor circuits of a synchronous machine

In Figures 3.1 and 3.9, 6 is defined as the angle by which the d-axis leads the
centreline of phase a winding in the direction of rotation. Since the rotor is rotating
with respect to the stator, angle 0 is continuously increasing and is related to the rotor
angular velocity o, and time ¢ as follows:

0 = wt

r

The electrical performance equations of a synchronous machine can be
developed by writing equations of the coupled circuits identified in Figure 3.9. Before
we attempt to do this, it is useful to review how the equations of simple circuits may
be written.
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3.2.1 Review of Magnetic Circuit Equations
Single excited circuit

Consider first the elementary circuit of Figure 3.10, comprising a single
exciting coil. The coil has N turns and a resistance of 7. It is assumed to have a linear
flux-mmf relationship. According to Faraday’s law, the induced voltage e; is

e = GV (3.6)
oodt

where v is the instantaneous value of flux linkage and ¢ is time. The terminal voltage
e, is given by

e, = 2V, . (3.7

')

Figure 3.10 Single-excited magnetic circuit

The flux linkage may be expressed in terms of the inductance L of the circuit:
Y = Li (3.8)

The inductance, by definition, is equal to flux linkage per unit current. Therefore,

®
L =N—
; (3.9
= N?P
where
P = permeance of magnetic path
® = flux = (MMF)P = NiP
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Coupled circuits

Let us next consider the circuit shown in Figure 3.11, consisting of two
magnetically coupled windings. The windings have turns N, and N,, and resistances
r; and ry, respectively; the magnetic path is assumed to have a linear flux-mmf
relationship. The winding currents i; and i, are considered positive into the windings,
as shown in the figure. The terminal voltages are

d
e, = d";url,- (3.10)
dy,

The magnetic field is determined by currents in both windings. Therefore, y, and v,
are the flux linkages with the respective windings produced by the total effect of both

currents. Thus

Y, = N(D,,+®,)+N,D,, (3.12)
¥, = Ny(®,,+2p)+N, @, (3.13)
where
® ., = mutual flux linking both windings due to current in winding 1 acting alone
®, = leakage flux linking winding 1 only
® , = mutual flux linking both windings due to current in winding 2 acting alone
®, = leakage flux linking winding 2 only
/¢m=¢m1 +¢m2
N o = [-/"'" T~
oo AN m
=V o VVe—y
4 : i P : ; % L
pus mxt
“ IO M M “
Gy N

Figure 3.11 Magnetically coupled circuits



58 Synchronous Machine Theory and Modelling  Chap. 3

The flux linkages can be expressed in terms of self and mutual inductances whose

expressions are given below.
Self inductance, by definition, is the flux linkage per unit current in the same

winding. Accordingly, the self inductances of windings 1 and 2 are, respectively,

L, =N(2,,+®,)/i (3.14)
Ly, = Ny(®,,+®,)/i, (3.15)
or
Ly =L,+L, (3.16)
L, =L +L, (3.17)

where L,; and L, are the magnetizing inductances, and L;, and L,, the leakage
inductances, of the respective windings.

Mutual inductance between two windings, by definition, is the flux linkage
with one winding per unit current in the other winding. Therefore, the mutual
inductances between windings 1 and 2 are

L, = N,®,,/i, (3.18)

and

L, = N,®@, /i, (3.19)

If P is the permeance of the mutual flux path,
® = NiP (3.20)

®,, = N,i,P (3:21)

From Equations 3.18, 3.19, 3.20 and 3.21, we see that

L, = L,, = N,N,P (3.22)

Substitution of Equations 3.16 to 3.19 in Equations 3.12 and 3.13 gives the following
expressions for flux linking windings 1 and 2 in terms of self and mutual inductances:



Sec. 3.2 Mathematical Description of a Synchronous Machine 59
Uy = Lyt +Lyyt, (3.23)
Y, = L,ji,+L,i, (3.24)

In the above equations, it is important to recognize the relative directions of self and
mutual flux linkages by the use of an appropriate algebraic sign for the mutual
inductance. The mutual inductance is positive if positive currents in the two windings
produce self and mutual fluxes in the same direction (i.e., the fluxes add up);
otherwise it is negative.

Equations 3.10 and 3.11 for voltage together with Equations 3.23 and 3.24 for
flux linkage give the performance equations of the linear static coupled circuits of
Figure 3.11. In this form of representation, the self and mutual inductances of the
windings are used as parameters. An inductance represents the proportionality between
a flux linkage and a current. As seen from Equations 3.9 and 3.22, an inductance is
directly proportional to the permeance of the associated flux path.

In developing the equations of magnetic circuits in this section, we have not
explicitly specified units of system quantities. These equations are valid in any
consistent system of units.

Finally, before we turn to synchronous machine equations, a comment about
notation used is appropriate. In circuit analysis, the symbol A is commonly used to
denote flux linkage, whereas in most of the literature on synchronous machines and
power system stability the symbol y is used. Here we have followed the latter
practice, in order to correspond with the published literature and to avoid confusion
in later chapters where we use A to denote eigenvalues.

3.2.2 Basic Equations of a Synchronous Machine

The same general form of the equations derived in the previous section applies
to the coupled circuits of Figure 3.9. We will, however, use the generator convention
for polarities so that the positive direction of a stator winding current is assumed to
be out of the machine. The positive direction of field and amortisseur currents is
assumed to be into the machine.

In addition to the large number of circuits involved, the fact that the mutual
and self inductances of the stator circuits vary with rotor position complicates the
synchronous machine equations. The variations in inductances are caused by the
variations in the permeance of the magnetic flux path due to non-uniform air-gap.
This is pronounced in a salient pole machine in which the permeances in the two axes
are significantly different. Even in a round rotor machine there are differences in the
two axes due mostly to the large number of slots associated with the field winding.

The flux produced by a stator winding follows a path through the stator iron,
across the air-gap, through the rotor iron, and back across the air-gap. The variations
in permeance of this path as a function of the rotor position can be approximated as
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P = P0+P2cos2a (3.25)

In the above equation, « is the angular distance from the d-axis along the periphery

as shown in Figure 3.12.
A double frequency variation is produced, since the permeances of the north
and south poles are equal. Higher order even harmonics of permeance exist but are

small enough to be neglected.
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Figure 3.12 Variation of permeance with rotor position

We will use the following notation in writing the equations for the stator and
rotor circuits:

€,€,e, = instantaneous stator phase to neutral voltages

Iipi, = instantaneous stator currents in phases a, b, ¢

€y = field voltage

ifd,ikd,ikq = field and amortisseur circuit currents

Rfd,de,qu = rotor circuit resistances

Liaslopsl, = self-inductances of stator windings

Lpslyesl, = mutual inductances between stator windings

lafd,lakd,l gy mutual inductances between stator and rotor windings
lffd,lkkd,lkkq = self-inductances of rotor circuits

R = armature resistance per phase

a

p = differential operator d/dt
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Stator circuit equations

The voltage equations of the three phases are

d
ea - wa —Raia - pll"a_Raia (326)
dt
e, = pY,-R i, (3.27)
e, =py -Rji (3.28)

The flux linkage in the phase a winding at any instant is given by

IIIa - _laaia ——labib _lacic +lafd ifd +lakd lkd +lakq lkq (3 29)

Similar expressions apply to flux linkages of windings b and c. The units used are
webers, henrys, and amperes. The negative sign associated with the stator winding
currents is due to their assumed direction.

As shown below, all the inductances in Equation 3.29 are functions of the rotor
position and are thus time-varying.

Stator self-inductances

The self-inductance /_, is equal to the ratio of flux linking phase a winding to
the current i,, with currents in all other circuits equal to zero. The inductance is
directly proportional to the permeance, which as indicated earlier has a second
harmonic variation. The inductance /,, will be a maximum for 6=0°, a minimum for
0=90°, a maximum again for 6=180°, and so on.

Neglecting space harmonics, the mmf of phase a has a sinusoidal distribution
in space with its peak centred on the phase a axis. The peak amplitude of the mmf
wave is equal to N,i,, where N, is the effective turns per phase. As shown in Figure
3.13, this can be resolved into two other sinusoidally distributed mmf’s, one centred
on the d-axis and the other on the g-axis.

The peak values of the two component waves are

peak MMF , = N i cos6 (3.30)

N_i cos(0+90°) = -N.i sin@ (3.31)

peak MMF,,

The reason for resolving the mmf into the d- and g-axis components is that each acts
on specific air-gap geometry of defined configuration. Air-gap fluxes per pole along
the two axes are
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Figure 3.13 Phase a mmf wave and its components

®,,; = (N,icosB)P, (3.32)
@, = (-N,isin)P, (3.33)

In the above, P, and P, are the permeance coefficients of the d- and g-axis,
respectively. In addition to the actual permeance, they include factors required to
relate flux per pole with peak value of the mmf wave.

The total air-gap flux linking phase a is

Dopy = Pppg€0sO-2  sind
=N 2 )
= N_i (P,cos 6+qum 0) (3.34)
P+P P,-P
= Nj |2 2+4 dco520
2 2
The self-inductance [, of phase a due to air-gap flux is
1 - Naq)gaa
gaa ia
P+P PP (3.35)
= Nf( d; 1,4 qcos26)

=L 20 +Laa2°0526
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The total self-inductance /,, is given by adding to the above the leakage inductance
L,; which represents the leakage flux not crossing the air-gap:

L +1l

a  La gaa

= L,*Ly+*L,,,c0s20 (3.36)

la

= L,,+L,,,c0s26

Since the windings of phases b and c are identical to that of phase a and are displaced
from it by 120° and 240° respectively, we have

L, = LM0+LM2cos2(e—33£) (3.37)

l =1L

cc aal

+Laa2c052(6+2?n) (3.38)

The variation of /,, with 0 is shown in Figure 3.14.

' ' —0
0° 90° 180° 270° 360°

Figure 3.14 Variation of self-inductance of a stator phase

In Equations 3.36, 3.37 and 3.38, the stator self-inductances have a fixed plus
second harmonic terms. Higher order harmonic terms have been neglected. In a well
designed machine in which the stator and rotor windings produce nearly sinusoidally
distributed mmf and flux waves, these higher order harmonic terms are negligible.
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Stator mutual inductances

The mutual inductance between any two stator windings also exhibits a second
harmonic variation because of the rotor shape. It is always negative, and has the
greatest absolute value when the north and south poles are equidistant from the
centres of the two windings concerned. For example, / , has maximum absolute value
when 6=-30° or 6=150°.

The mutual inductance /,, can be found by evaluating the air-gap flux @,
linking phase b when only phase a is excited. As we wish to find the flux linking
phase b due to mmf of phase a, 0 is replaced by 6-27/3 in Equation 3.34.

®

2 o2
gba @gadcos(ﬁ——;—)—dlgaqsm(e——;l)

I
4

(Pdcosﬂ cos(0 —232) + Pq sinBsin(0 - 231)] (3.39)

f
P,+P P,-P

i |-—4—4+4 qcos(26—~2£)
T4 2 3

The mutual inductance between phases a and b due to the air-gap flux is

N®

I - a” gha

e 1 i, , (3.40)
T
= —ELgo +Lab2COS(26 _—3—)

where L, has the same meaning as in the expression for self-inductance ,,, given by
Equation 3.35. There is a very small amount of mutual flux around the ends of
windings which does not cross the air-gap. With this flux included, the mutual
inductance between phases a and b can be written as

ab a

l,=1,= —Lab0+Labzcos(26——23£) G.41)

= —Law—Labzcos(26+—T3£)

Similarly,

l,, =1, = -L,,~L,,,cos(20-m) (3.42)

ca ac

1, =1 = —Labo—Labzcos(20—§) (3.43)
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From the above equations, it can be readily seen that L ;,=L ,,. This is to be expected
since the same variation in permeance produces the second harmonic terms in self and
mutual inductances. It can also be seen that L, is nearly equal to L,,,/2.

The variation of mutual inductance between phases a and b as a function of

o is illustrated in Figure 3.15.

ab
180° 360° 0

Figure 3.15 Variation of mutual inductance between stator windings

Mutual inductance between stator and rotor windings

With the variations in air-gap due to stator slots neglected, the rotor circuits
see a constant permeance. Therefore, the situation in this case is not one of variation
of permeance; instead, the variation in the mutual inductance is due to the relative
motion between the windings themselves.

When a stator winding is lined up with a rotor winding, the flux linking the
two windings is maximum and the mutual inductance is maximum. When the two
windings are displaced by 90°, no flux links the two circuits and the mutual

inductance is zero.
With a sinusoidal distribution of mmf and flux waves,

Lyg = Lyycost (3.44)
s = Lya€0s6 (3.45)
T
kg = Lag©08(9+2) (3.46)
= —Lakqsinﬂ

For considering the mutual inductance between phase b winding and the rotor circuits,
0 is replaced by 6-2n/3; for phase ¢ winding O is replaced by 0+2m/3.
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We now have the expressions for all the inductances that appear in the stator
voltage equations. On substituting the expressions for these inductances into Equation

3.29, we obtain

¥, = -i[L_,+L,,cos20]+i[L , + aazcos(26+§)]

+i [L,,+L_,cos(20- )]+ L,,,cos0 (347)
+ideakdcosB—iquakqsm6
Similarly,
Y, =i[L,,*L, 2cos(26+—)] =i,[L,.0* aa2c0s2(6—2?n)]
+i [L ,,+L, ,c0s(26-m)] +ideafdcos(e—%“—) (3.48)
+ideakdcos(e—%’l)—iquakqsin(e—%")
and
Y, = ia[Lab0+Laazcos(26—§)] +i,[L,,+L, ,cos(20-T)]
-ic[Laao+Lmzcos2(e+%")]+ideafdcos(e+3§’£) (3.49)
+ideakdcos(6+—2—£)—iquakqsin(0+2?n)
Rotor circuit equations
The rotor circuit voltage equations are
= pY Ry, (3.50)
0 = pU,+R iy, (3.51)
0 = py, +Ry iy, (3.52)

The rotor circuits see constant permeance because of the cylindrical structure
of the stator. Therefore, the self-inductances of rotor circuits and mutual inductances
between each other do not vary with rotor position. Only the rotor to stator mutual
inductances vary periodically with 0 as given by Equations 3.44, 3.45 and 3.46.
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The rotor circuit flux linkages may be expressed as follows:

. . . . 2 . 2
Uy = Lyyiy+Lagiyg L,y li,cos0 +lbcos(6—?n)+zccos(6 +?n)] (3.53)
Wy = Logig+Ly i, ~L i cosB+ibcos(O-2—n)+i cos(6+2—n)] (3.54)
fkd " f a a 3 c 3
- L i, +L, [i sin®+i,sin(®-2%)+i sin(®+2%)] - (3.55)
‘l’kq kkq‘kq  “akgLl’a b 3 ¢ 3 )

3.3 THE dq0 TRANSFORMATION

Equations 3.26 to 3.28 and Equations 3.47 to 3.49 associated with the stator
circuits, together with Equations 3.50 to 3.55 associated with the rotor circuits,
completely describe the electrical performance of a synchronous machine. However,
these equations contain inductance terms which vary with angle 6 which in turn varies
with time. This introduces considerable complexity in solving machine and power
system problems. A much simpler form leading to a clearer physical picture is

obtained by appropriate transformation of stator variables.
We see from Equations 3.53 to 3.55 that stator currents combine into

convenient forms in each axis. This suggests the transformation of the stator phase
currents into new variables as follows:

k,|i cosB+i,cos(6 —2?11:) +i cos(0+ Z?W)} (3.56)

LTy
Il

—kq[iasine +ibsin(6—23£)+icsin(6+—2—3’-t-)} (3.57)

The constants k; and k, are arbitrary and their values may be chosen to
simplify numerical coefficients in performance equations. In most of the literature on
synchronous machine theory [3,10,11,12,13,19], k; and k, are taken as 2/3, and this
choice will be followed here. An alternative transformatlon with k =k —\/2/_3 is
discussed in Section 3.4.8.

With k; and &, equal to 2/3, for balanced sinusoidal conditions, the peak values
of iy and i, are equal to the peak value of the stator current as shown below.
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For the balanced condition,
i, = I sinwt
i, = lmsin(wst—%“)

i, = Imsin(wst+2?n)

Substituting in Equation 3.56 gives

i, = kI sinw tcosO +I sin(w ¢ —%E)cos(ﬂ —235) +I_sin( wst+%:£)cos(6 +;2?_jr_)

- kdglmsin(wst—e)

For the peak value of i, to be equal to 7, k; should equal 2/3.
Similarly from Equation 3.57, for the balanced condition

. 3
i, = —kqalmcos(wst—ﬂ)
Again, k,=2/3 results in the maximum value of i, being equal to the peak value of

stator current.
To give a complete degree of freedom, a third component must be defined so

that the three-phase currents are transformed into three variables. Since the two
current components i, and i, together produce a field identical to that produced by the
original set of phase currents, the third component must produce no space field in the
air-gap. Therefore, a convenient third variable is the zero sequence current i,
associated with the symmetrical components:

iy = %(ia+ib+ic) (3.58)

Under balanced conditions i,+i,+i,=0 and, therefore, i,=0.
The transformation from the abc phase variables to the dg0 variables can be

written in the following matrix form:
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] cos® cos(0 —Z—ﬂ:) cos(0 2T
i 3 3 [
d a
: 2 . . 2% . 27 .
i | =2 | -sin@ -sin(6-—) -sin(@+— i (3.59)
q 3 ( 3 ) ( 3 ) A
2 2 2

The inverse transformation is given by

cosO -sin® 1]

27 . 27
cos(0 ——3——) sin(6 ?) 1 (3.60)

| & | cos(6+—2§7£) —sin(6+2?n) 1] % |

The above transformations also apply to stator flux linkages and voltages.
Stator flux linkages in dq0 components

Using the expressions for y,, y; and y, given by Equations 3.47, 3.48 and
3.49, transforming the flux linkages and currents into dg0 components (Equation
3.59), and with suitable reduction of terms involving trigonometric terms, we obtain

the following expressions:
= -(L . +L 3L j AL i +L 0
Uy = (Lt ab0+5 a2 it Logabit Logabra
= -(L_,+L 3L | +L i
ll!q = ~( aa0” abO_E aa2)lq+ akqlkq
Vo = ~(Laap™2Lypp)ly
Defining the following new inductances

L, =~Laa0+Lab0+%Laa2 (3.61)
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L =L +L,-3L (3.62)
q aa0 “~ab0 aa2

L, =L,_,-2L,, (3.63)

aa0

the flux linkage equations become

U, = Ly Lyt L, (3.64)
¥, = -L,i *L, i, (3.65)
W, = Ly, (3.66)

The dq0 components of stator flux linkages are seen to be related to the components
of stator and rotor currents through constant inductances.

Rotor flux linkages in dq0 components

Substitution of the expressions for i, i, in Equations 3.53 to 3.55 gives

3,
Uy = Logi+Lyging —2—Lafdzd (3.67)
3L (3.68)
Vg = LagiytLy,t 'Z‘Lakd‘d .
S L i -3 i (3.69)
Vig = Luaglig ™5 aka" '

Again, all the inductances are seen to be constant, i.e., they are independent of the
rotor position. It should, however, be noted that the saturation effects are not
considered here. The variations in inductances due to saturation are of a different
nature and this will be treated separately.

It is interesting to note that i, does not appear in the rotor flux linkage
equations. This is because zero sequence components of armature current do not
produce net mmf across the air-gap.

While the dg0 transformation has resulted in constant inductances in Equations
3.64 to 3.69, the mutual inductances between stator and rotor quantities are not
reciprocal. For example, the mutual inductance associated with the flux linking the
field winding due to current i; flowing in the d-axis stator winding from Equation



sec. 3.3 The dqO Transformation 71

3.67 is (3/2)L 4 whereas from Equation 3.64 the mutual inductance associated with
flux linking the d-axis stator winding due to field current is L. As discussed in
Section 3.4, this problem is overcome by appropriate choice of the per unit system for
the rotor quantities.

Stator voltage equations in dq0 components

Equations 3.26 to 3.28 are basic equations for phase voltages in terms of phase
flux linkages and currents. By applying the dg0 transformation of Equation 3.59, the
following expressions in terms of transformed components of voltages, flux linkages

and currents result:

e; = p¥,;~y, PO-R i, (3.70)
e, = ptpq+qxdp6—Raiq (3.71)
(3.72)

& = PYo~R,

The angle 0, as defined in Figure 3.9, is the angle between the axis of phase
a and the d-axis. The term p0 in the above equations represents the angular velocity
o, of the rotor. For a 60 Hz system under steady-state conditions p0=0,=0,=2160 =377
electrical rad/s.

The above equations have a form similar to those of a static coil, except for
the y,p0 and y,p0 terms. They result from the transformation from a stationary to
a rotating reference frame, and represent the fact that a flux wave rotating in
synchronism with the rotor will create voltages in the stationary armature coil. The
v, PP and y,pb terms are referred to as speed voltages (due to flux change in space)
and the terms py, and py, as the transformer voltages (due to flux change in time).

The speed voltage terms are the dominant components of the stator voltage.
Under steady-state conditions, the transformer voltage terms py, and py, are in fact
equal to zero; there are many transient conditions where the transformer voltage terms
can be dropped from the stator voltage equations without causing errors of any
significance. However, in other situations they could be important. This will be
discussed further in Sections 3.7 and 5.1.

The signs associated with the speed voltage terms in Equations 3.70 and 3.71
are related to the sign conventions assumed for the voltage and flux linkage
relationship and to the assumed relative positions of d- and ¢- axes. Since we have
assumed that the g-axis leads the d-axis by 90°, the voltage e, in the g-axis is induced
by the flux in the d-axis. Similarly, the voltage e, is induced by a flux in an axis
lagging the d-axis by 90°, i.e., the negative g-axis. Therefore, the voltage induced in
the g-axis due to rotation is +oy, and that in the d-axis is —OY,.
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Electrical power and torque

The instantaneous three-phase power output of the stator is

Pt = el tel el

Eliminating phase voltages and currents in terms of dg0 components, we have

t

3, . . .
P = E(edzd+eqzq+2eozo) (3.73)
Under balanced operation, e,=i,=0 and the expression for power is given by
P = é(e i,+e i)
t 2 d'd q q

The electromagnetic torque may be determined from the basic consideration
of forces acting on conductors as being the product of currents and the flux.
Alternatively, it can be derived by developing an expression for the power transferred

across the air-gap.
Using Equations 3.70 to 3.72 to express the voltage components in terms of

flux linkages and currents, by recognizing ®, as the rotor speed d0/df, and
rearranging, we have

P, = %[(idpwd+iqp¢q+2iopwo)
+(1|!diq‘lllqid)0)r

(G 2+ 242 )R] (3.74)

(Rate of change of armature magnetic energy)
+(power transferred across the air-gap)
—(armature resistance loss)

The air-gap torque 7, is obtained by dividing the power transferred across the air-gap
(i.e., power corresponding to the speed voltages) by the rotor speed in mechanical
radians per second.

T, = 3w, v i)
e = FWalg7W 1)~
2 1 1 (‘omech (375)

3 . N4
= S Wi, i)Y
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The flux-linkage equations 3.64 to 3.69 associated with the stator and rotor
circuits, together with the voltage equations 3.70 to 3.72 for the stator, the voltage
equations 3.50 to 3.52 for the rotor, and the torque equation 3.75, describe the
electrical dynamic performance of the machine in terms of the dg0 components. These
equations are usually referred to as Park’s equations in honour of R.H. Park who
developed the concepts on which the equations are based [3]. The dg0 transformation
given by Equation 3.59 is referred to as Park’s transformation. It is based on the two-
reaction theory originally developed by Blondel [1] and the further exposition of the
concept by Doherty and Nickle [2].

Physical interpretation of dq0 transformation

In Section 3.1.3, we saw that the combined mmf wave due to the currents in
the three armature phases travels along the periphery of the stator at a velocity of o,
rad/s. This is also the velocity of the rotor. Therefore, for balanced synchronous
operation, the armature mmf wave appears stationary with respect to the rotor and has
a sinusoidal space distribution. Since a sine function can be expressed as a sum of two
sine functions, the mmf due to stator windings can be resolved into two sinusoidally
distributed mmf waves stationary with respect to the rotor, so that one has its peak
over the d-axis and the other has its peak over the g-axis. Therefore, i; may be
interpreted as the instantaneous current in a fictitious armature winding which rotates
at the same speed as the rotor, and remains in such a position that its axis always
coincides with the d-axis. The value of the current in this winding is such that it
results in the same mmf on the d-axis as do actual phase currents flowing in the
armature windings. A similar interpretation applies to i , except that it acts on the g-
axis instead of the d-axis.

The mmfs due to i; and i, are stationary with respect to the rotor and act on
paths of constant permeance. Therefore, the corresponding inductances L, and L, are
constant.

For balanced steady-state conditions, the phase currents may be written as

follows:

i = I sin(og+d) (3.76)
i, = Imsin(wsz+¢—%i) (3.77)
i = lmsin(wst+¢+33’-‘-) (3.78)

where o, =27fis the angular frequency of stator currents. Using the dg0 transformation,

I sin(wz+¢-6) (3.79)
-I cos(wz+¢p-06) (3.80)
ih =0 (3.81)

~.
]
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For synchronous operation, the rotor speed o, is equal to the angular frequency
o, of the stator currents. Hence,

@
[
(>
o~
[
£

Therefore,

i, = I sinp = constant

i

‘ -I_cos$ = constant

For balanced steady-state operation, i, and i, are constant. In other words, alternating
phase currents in the abc reference frame appear as direct currents in the dg0
reference frame.

The dg0 transformation may be viewed as a means of referring the stator
quantities to the rotor side. This is analogous to referring secondary side quantities in
a transformer to the primary side by means of the turns ratio. The inverse
transformation (Equation 3.60) can similarly be viewed as referring the rotor
quantities to the stator side.

The analysis of synchronous machine equations in terms of dg0 variables is
considerably simpler than in terms of phase quantities, for the following reasons:

o The dynamic performance equations have constant inductances.
° For balanced conditions, zero sequence quantities disappear.
o For balanced steady-state operation, the stator quantities have constant values.

For other modes of operation they vary with time. Stability studies involve
slow variations having frequencies below 2 to 3 Hz.

o The parameters associated with d- and g-axes may be directly measured from
terminal tests.

We will show in Section 3.6 that, under balanced steady-state conditions, the
dq0 transformation is equivalent to the use of phasors to represent alternating stator
phase quantities. In many ways, the advantages of using d ¢ variables are similar to
those of using phasors (instead of dealing directly with time varying sinusoidal
quantities) for steady-state analysis of ac circuits.
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3.4 PER UNIT REPRESENTATION

In power system analysis, it is usually convenient to use a per unit system to
normalize system variables. Compared to the use of physical units (amperes, volts,
ohms, webers, henrys, etc.), the per unit system offers computational simplicity by
eliminating units and expressing system quantities as dimensionless ratios. Thus,

actual quantity
base value of quantity

quantity in per unit =

A well-chosen per unit system can minimize computational effort, simplify
evaluation, and facilitate understanding of system characteristics. Some base quantities
may be chosen independently and quite arbitrarily, while others follow automatically
depending on fundamental relationships between system variables. Normally, the base
values are chosen so that the principal variables will be equal to one per unit under
rated condition.

In the case of a synchronous machine, the per unit system may be used to
remove arbitrary constants and simplify mathematical equations so that they may be
expressed in terms of equivalent circuits. The basis for selection of the per unit system
for the stator is straightforward, whereas it requires careful consideration for the rotor.
Several alternative per unit systems have been proposed in the literature for the
selection of base rotor quantities [18,19]. Only one system will be discussed here as
it offers several advantages over others and has found wide acceptance. This system
is referred to as the L,;-base reciprocal per unit system.

In this section, for the purpose of defining per unit values and showing their
relationships to the values in natural units, a superbar will be used to identify per unit
quantities. We will, however, drop this convention for subsequent general use to

simplify the notation.
3.4.1 Per Unit System for the Stator Quantities

The universal practice is to use the machine ratings as the base values for the
stator quantities. In the machine equations developed so far, the stator currents and
voltages have been expressed as instantaneous values; where they were sinusoidal
quantities, they have been expressed in terms of the peak values and sinusoidal

functions of time and frequency.
Let us choose the following base quantities for the stator (denoted by subscript

s):

= peak value of rated line-to-neutral voltage, V
peak value of rated line current, A
rated frequency, Hz

es base

ls base

fbase
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The base values of the remaining quantities are automatically set and depend on the
above as follows:

Wy, = 2Tfy,, €lec. radians/second
® = W 2 mech. radians/second
mbase base > .
Py
Z _ Csbase hms
shase ; > O
sbase
VA
_ “sbase
L,. = > , henrys
base
ll!sbase = L 'sbase lsbase
_ esbase

, weber-turns

wbase
3-phase VA, ., = 3Epyspase rusease

3 esbase tsbase

22

3 :
= Eesbaselsbm, volt-amperes

3-phase VA,

Torque base =
O pase

315 W pase bspase> NEWTON-meters
22
3.4.2 Per Unit Stator Voltage Equations
From Equation 3.70,
ed = pll’d_ll‘rqwr_Raid

Dividing throughout by e, ., and noting that e ;... =i p.. Z: pase =P paseVs bases WE LEL

ed =p[ 1 q’d J_ lpq (’or _ Ra .ld (3.82)
lIIsbase wbase Zsbase lsbase

es base ws base l'IJs base
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Expressed in per unit notation,

Z, = —L p-T.5,-Rj, (3.83)

The unit of time in the above equation is seconds. Time can also be expressed
in per unit (or radians) with the base value equal to the time required for the rotor to
move one electrical radian at synchronous speed:

1 1
t = = 3.84
base wbase 2‘ﬂ2f base ( )

With time in per unit, Equation 3.83 may be written as

e, = PU;~¥,0-Rji, (3.85)
Comparing Equation 3.70 and Equation 3.85, we see that the form of the original

equation is unchanged, when all quantities involved are expressed in per unit.
Similarly, the per unit forms of Equations 3.71 and 3.72 are

e, = PO, +,0,-Rji, (3.86)
&, = pU,-Rj, (3.87)
The per unit time derivative p appearing in the above equations is given by
- _d 1 d 1
p=t-—2L-_p (3.88)

3.4.3 Per Unit Rotor Voltage Equations

From Equation 3.50, dividing throughout by ey, ;5. =®p40eW st base =Zfi base 1 bases
the per unit field voltage equation may be written as

Ty = PV R, (3.89)
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Similarly, the per unit forms of Equations 3.51 and 3.52 are
0= -E‘T’kd*k-kdi-kd (3.90)

= 0. +R. i, 3.91
0 = pU, +R, jy, (3.91)

The above equations show the form of the rotor circuit voltage equations. However,
we have not yet developed a basis for the choice of the rotor base quantities.

3.4.4 Stator Flux Linkage Equations

Using the basic relationship Wy, p,c. =L pase is pases the per unit forms of Equations
3.64, 3.65 and 3.66 may be written as

By = Ly Lyi gLy, (3.92)
¥, = _Lqiq+iakqi_q (3:93)
3, - _Ijoi_o (3.94)
where by definition,
Lo Lt v (3.95)
o stase isbase
- L ]
L, = ot ldbase (3.96)
stase L base
- L ]
L, - akg gbase (3.97)
stase Lsbase

3.4.5 Rotor Flux Linkage Equations

Similarly, in per unit form Equations 3.67, 3.68 and 3.69 become

‘T’fd Lﬂd fd Lfkd kd Lfda d (3.98)
‘I’kd = _kdf fd+L dea{d (3.99)

T = Luging Ly (3.100)
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where by definition,

- L j

Lfda - g afd Lsbase (3101)
2L

"fdbase fdbase

- L

L, = -2 udbas (3.102)
Leibase Lavase

dea _ 3 Lakd lsbase (3103)
2 Lkdbase lkdba.s'e

I = _Lra vese (3.104)

R
kdbase "kdbase

L, = 3 Lag sbase (3.105)
2 qubase lkqbase

By appropriate choice of per unit system, we have eliminated the factor 3/2 in the
rotor flux equations. However, we have not yet tied down the values of the rotor base
voltages and currents, which we will proceed to do next.

3.4.6 Per Unit System for the Rotor

The rotor circuit base quantities will be chosen so as to make the flux linkage
equations simple by satisfying the following:

(a) The per unit mutual inductances between different windings are to be
reciprocal; for example, Lafd L . This will allow the synchronous machine
model to be represented by equlvalent circuits.

(b)  All per unit mutual inductances between stator and rotor circuits in each axis
are to be equal; for example, Lafd=Lakd

In order to have kad equal to def so that reciprocity is achieved, from
Equations 3.102 and 3.104, it is necessary to have

Lﬂcd ifdbase

Lfdbase Yidbase Ly ibase Srabase

Lﬂcd lkd base _

or

<2 _ )
Libaseikavase = Liabase favase \ (3.106)
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Multiplying by o, gives

2 -

. 2
wbaseLkdbaselkdbase - wbaseL

‘fd base l ‘fd base

Since D pase Lbase base ~Cbases

€hdbaselkdbase = Cibasebfdbase (3.107)

Therefore, in order for the rotor circuit mutual inductances to be equal, their volt-

ampere bases must be equal. _
For mutual inductances L and Ly, to be equal, from Equations 3.95 and

3.101,

Lafd ifdbase _ é Lafd isbase

stase isbase 2 Lfdbase ifdbase
or

L, i% =3[ ;2

‘fdbase” fdbase sbase” sbase

[\9]

Multiplying by o, and noting that wLi=e, we get
: 3 :
€ ibaselfdbase Eesbaselsbase (3.108)
= 3-phase VA base for stator

Similarly in order for Zakd=ZMa and Zakq=qua’

. 3 .
€rdbase’kdbase Eesbaselsbase (3109)

and

ekqbaseikqbase - Eesbaseisbase (3.110)
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These equations imply that in order to satisfy requirement (a) above, the volt-ampere
pase in all rotor circuits must be the same and equal to the stator three-phase VA
base.

So far, we have specified only the product of base voltage and base current for
the rotor circuits. The next step is to specify either the base voltage or the base
current for these circuits. _ _

The stator self inductances L, and L  are associated with the total flux
linkages due to i, and i, respectively. They can be split into two parts: the leakage
inductance due to flux that does not link any rotor circuit and the mutual inductance
due to flux that links the rotor circuits. As shown in Figure 3.16, the stator leakage
flux is made up of the slot leakage, end turn leakage and air-gap leakage. The stator

End connections

:’f’(7:_:__-_:_:__-—_-_:__-?}\:\} M
] 5T
I i
R
(a) Leakage flux within the slot (b) Leakage flux around

the end connection

(c) Leakage flux following zigzag path between
stator and rotor tooth faces along the air-gap

Figure 3.16 Stator leakage flux patterns
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leakage inductances in the two axes are nearly equal. Denoting the leakage inductance Ijl
and the mutual inductances by L, and L, -~

L =L+, (3.111)

and

o IpL, (3.112)

In order to make all the per unit mutual inductances between the stator and
rotor circuits in the d-axis equal, from Equations 3.95 and 3.96 it follows that'

Z - Lad -7 - Lafd ifdbase
ad ifd .
stase “ stase lsbase
-7 = Lakd ikdbase
kd ;
: stase lsbase
Therefore,
. L,.
Yibase = —Ij_lsbase (3.113)
afd
L
. 7
Ydbase = f—lsbase (3.114)
akd

. T (3.115)

This completes the choice of rotor base quantities.

As stated before, the per unit system used here is referred to as the L,;-base
reciprocal per unit system.. In this system, the base current in any rotor circuit is
defined as that which induces in each phase a per unit voltage equal to per unit L ,,
that is, the same voltage as balanced three-phase unit-peak armature currents.



Sec. 3.4 Per Unit Representation 83

3.4.7 Per Unit Power and Torque

From Equation 3.73, the instantaneous power at the machine terminal is

3, .. . .
P = E(edzd+eqz . 2€000)

Dividing by the base three-phase VA =(3/2)e .. s 5ase> the €xpression for per unit may
be written as

P, = e,i ve i v2eg, (3.116)

. : _ 3| P
Similarly, with base torque = 513 U posebsbase> the per unit form of Equation 3.75 is
lT, . ,‘ (3.117)

3.4.8 Alternative Per Unit Systems and Transformations

Several different alternative per unit systems have been proposed in the
literature for the analysis of synchronous machines [4,13,16]. Some analysts, notably
Lewis [20], have also suggested the use of an alternative form of transformation from
the abc reference frame to the dq0 reference frame, which is similar to that of
Equation 3.59, but with factors k, and k, equal to J/2/3 instead of 2/3 and with zero-
sequence coefficients equal to 1/2. The alternative transformation equations are

given by

cos@ cos(O —2—“:) cos(0 +2—n)
o 3 3700
ld la
i1 _ (2] -sin® -sin®-2%) -sin@®+2%)||; (3.118)
q 3 3 3 b

i i
1 1 1t
'\ 2 2 2
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and the inverse transformation by

cosf -sin® 1
M N2 |7,
i La
2 . 1| (3.119)
| = | 7 |cos(0-— =) .= ||
o[ =\ 3 |eos®@-D) sin@- || [
K3 — | L%l
cos(®@+2%) -sin(@+2%) |1
3°\2 |

Such a transformation is orthogonal; i.e., the inverse of the transformation matrix is
equal to its transpose. This also means that the transformation is power invariant:

P, = e +ei, +el,

edld+eqlq+eozo

In addition, with this transformation, all mutual inductances would be reciprocal.
However, as discussed in reference 19 by Harris, Lawrenson and Stephenson, such
a transformation has several fundamental disadvantages which appear to override the
advantages. The orthogonal transformation does not correspond to any particular
meaningful physical situation. With &, and k, equal to J/2/3, the equivalent d- and g-
axis coils would have /3/2 times the number of turns as abc coils. This removes the
unit-to-unit relationship between abc and dq0 variables that exists with the original
transformation of Equation 3.59.

Reference 19 provides a thorough and comprehensive analysis of the
alternative per unit and transformation systems. It concludes that the transformation
of Equation 3.59 together with the L ,base reciprocal per unit system leads to a
system which reflects most closely the physical features of the machine. In addition,
the inductances in the resulting equivalent circuits correspond to those normally
calculated by machine designers. In view of these advantages, this system is widely
used by the electrical utility industry and generator manufacturers.

3.4.9 Summary of Per Unit Equations
Base quantities

Stator base quantities:

3-phase VA
= peak phase-to-neutral rated voltage, V

pase = VOlt-ampere rating of machine, VA

es base
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fbase

ls base

sbhase

(")base

mbase

L

's base

llrs base

Per Unit Representation

= W

rated frequency, Hz

peak line current, A

3-phase VA

base

(3/2)e

sbhase

es base

, Q

ls base

2nf, .. €lec. rad/s

base

Py
Z
sbase , H

('obase
L .

S basels base’

Rotor base quantities:

ifd base
ikd base
ikq base
€ fdbase

Zfd base

kdbase
kq base

‘fdbase

lsbase 2 A

L,

3-phase VA,

(4

Lidbase

€ idbase 0

Lidbase

3-phase VA,

€

i 2
fdbase

3-phase VA,

(4

i 2
kdbase

3-phase VA,

(4

i2
kq base

Zfd base

,H
wbase

—2— , mech. rad/s

Whb-turns

, V

b

5



86 Synchronous Machine Theory and Modelling
Z
kd bas
Lkdbase = » e’ H
base
" Z
L
qubase - o ase’ H
base
1
tbase = © > S
base
T 3-phase VA, N
= , -m
base (")mbase

Complete set of electrical equations in per unit

In view of the L, ;-base per unit system chosen, in per unit

Lafd - Lfda = Lyy = Ly, = Ly

Lakq - qua - Laq

Ly = Ly

Chap. 3

In the following equations, two g-axis amortisseur circuits are considered, and the
subscripts 1g and 2g are used (in place of kq) to identify them. Only one d-axis
amortisseur circuit is considered, and it is identified by the subscript 1d. Since all

quantities are in per unit, we drop the superbar notation.
Per unit stator voltage equations:

ed =P IIJd_lllq(")r_Raid

e, =Py, +V,0-Ri

€y = PR}
Per unit rotor voltage equations:

ey = PV, *Ry1,

0 =p¥,+R,iy,

0 = pw1q+qui1q

0 =p lI"2q+R2qi2q

(3.120)
(3.121)

(3.122)

(3.123)
(3.124)
(3.125)

(3.126)
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Pper unit stator flux linkage equations:

Uy = (Lt L) iyl iy +L iy, (3.127)
W, = Ly LYi Loy +L i, (3.128)
¥, = ~Lyi, (3.129)

Per unit rotor flux linkage equations:

Vu = Lgslu*LagliaLogly (3.130)

Vg = Lualy+LyatiaLagly (3.131)

Vi = LyggiigtLoyis Ly, (3.132)

U, = Lugig*Longisg~Lagls (3.133)
Per unit air-gap torque:

T, = Wi -v,i, (3.134)

In writing Equations 3.132 and 3.133, we have assumed that the per unit mutual
inductance Ly, is equal to L. This implies that the stator and rotor circuits in the g-
axis all link a single mutual flux represented by L,,. This is acceptable because the
rotor circuits represent the overall rotor body effects, and actual windings with
physically measurable voltages and currents do not exist.

For power system stability analysis, the machine equations are normally solved
with all quantities expressed in per unit, with the exception of time. Usually time ¢ is
expressed in seconds, in which case the per unit p in Equations 3.120 to 3.126 is
replaced by (1/®,,.,)p.

Per unit reactances

If the frequency of the stator quantities is equal to the base frequency, the per
unit reactance of a winding is numerically equal to the per unit inductance. For
example,

X, = 2nfL, Q
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Dividing by Z, ;... =2 s05e Ls base>

Xa _ 2nf Ly

Zs base znf;)ase Ls base

If f=f; 450> PET Unit values of X, and L, are equal. For this reason, in the literature on
synchronous machines, symbols associated with reactances are often used to denote
per unit inductances.

3.5 EQUIVALENT CIRCUITS FOR DIRECT
AND QUADRATURE AXES

While Equations 3.120 to 3.133 can be used directly to determine synchronous
machine performance, it is a common practice to use equivalent circuits to provide a
visual description of the machine model.

Before we develop an equivalent circuit to represent complete electrical
characteristics of the machine, let us first consider only the d-axis flux linkage. Figure
3.17 shows an equivalent circuit which represents the d-axis stator and rotor flux
linkage equations 3.127, 3.130 and 3.131. In this figure, the currents appear as loop
currents.

A similar equivalent circuit can be developed for the g-axis flux linkage and
current relationships. At this point, it is helpful to introduce the following rotor circuit
per unit leakage inductances:

L, Lfld—Lad
——1YN 22 ,
i id ) ( - id
( i, W 1
Llld_LfId L[fd_Lfld
IIJd % Lad -
L2¥ ‘I’fd

9

Figure 3.17 The d-axis equivalent circuit illustrating -i relationship



SecC. 3.5

Lfd = Lﬁd"Lﬂd
L, = Llld_Lﬂd
qu = Lllq_Laq
qu = L22q _Laq

Equivalent Circuits for Direct and Quadrature Axes

89

(3.135)
(3.136)
(3.137)

(3.138)

Equivalent circuits representing the complete characteristics, including the voltage
equations, are shown in Figure 3.18. In these equivalent circuits, voltages as well as
flux linkages appear. Therefore, flux linkages are shown in terms of their time

derivatives.
R, ?r_‘%r L LyiL,,
o “ 228 nm
+1} /\/\/ | + . - A
Ly ( La L ) L
'fd
Ly, +
€, Py, ; Lad +1 Rfd
: +
R
PV, 1d ey pyy
(a) d-axis equivalent circuit
R AR1j L
a r¥d 1
7 X _
W U2 .
lq W ( llq qu 1
§ L, § L,
€q py, ?Laq " o\
§ R]_q § R2q plp2q

P,

Figure 3.18 Complete d- and g-axis equivalent circuits

(b) g-axis equivalent circuit
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In the d-axis equivalent circuit, the series inductance Lg,-L,, represents the
flux linking both the field winding and the amortisseur, but not the armature. It is a
very common practice to neglect this series inductance on the grounds that the flux
linking the damper circuit is very nearly equal to that linking the armature, because
the damper windings are near the air-gap. This would be true in practice if the damper
circuits were fully pitched. For short-pitched damper circuits and solid rotor iron
paths, this approximation is not strictly valid [19]. In recent years, there has been
some emphasis on including the series inductance Lg,-L,; particularly for detailed
studies where the identity of the field circuit is to be retained [5,21].

In the case of the g-axis, there is no field winding and the amortisseurs
represent the overall effects of the damper windings and eddy current paths.
Therefore, it is reasonable to assume (as has been done in the development of the g-
axis equivalent circuit of Figure 3.18 and the related equations) that the armature and
damper circuits all link a single ideal mutual flux represented by Ly,

In the literature, it is a widely accepted practice to simplify the d- and g-axis
equivalent circuits as shown in Figure 3.19 which do not show the stator resistance

Lz Lﬂd_Lad
—YN N
+ 47 ; - j
a ha 2
Lfd
L,
Py, §Lad R,
<3 N
1 ¢
(a) d-axis equivalent circuit
L
o:_fYY\
+ 4 i, W (( i w b, )
% qu § L2q
plpq % Laq
§ qu 5 R2q

?

(b) g-axis equivalent circuit

Figure 3.19 Commonly used simplified equivalent circuits
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voltage drops and the speed voltage terms. These equivalent circuits are adequate for
dJetermining W, and y,, including their time derivatives.

The equivalent circuits in Figure 3.19 represent rotor flux linkage and voltage
equations. So far as the stator is concerned they merely establish y,, y, in terms of
ip i and rotor variables.

Example 3.1

A 555 MVA, 24 kV, 0.9 p.f.,, 60 Hz, 3 phase, 2 pole synchronous generator has the
following inductances and resistances associated with the stator and field windings:

I, = 3.2758+0.0458cos(26) mH
I, = -1.6379-0.0458cos(20+x/3) mH
lyu = 40.0cos6 mH
Ly, = 576.92 mH
R, = 0.0031 Q
R, = 0.0715 Q
a. Determine L, and L, in henrys.
b. If the stator leakage inductance L, is 0.4129 mH, determine L,; and L, in
henrys.
C. Using the machine rated values as the base values for the stator quantities,

determine the per unit values of the following in the L_,;-base reciprocal per
unit system:

L, Ly Ly, Ly Ly L Ly Ly, Ry, Ry

aq’
Solution

a. From Equations 3.61 and 3.62,

3
Ld = LaaO +Lab0 + ELaaZ

3.2758+1.6379+§><0.0458
4.9825 mH

3
L = LaaO +Lab0—5Laa2

3.2758 +1.6379——g- x0.0458
4.8451 mH
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b. L, =LjL,
4.9825-0.4129
4.5696 mH

I

L-L,
= 4.845-0.4129
= 4.432 mH

aq

c. The base values of stator and rotor quantities are as follows:

3-phase VA base = 555 MVA
E,, ., (RMS) = 24/,/3 = 13.856 kV

€, pas.(PEAK) = 1/2x13.856 = 19.596 kV
6
L, RMS) = — 22107 4335515 4
3x13.856x10°
i, (peak) = 2x13,351.2 = 18,881.5 A
13.856x10°
Z = 22200%0C - 1.03784 Q
sbase 13,351.2
Wppee = 260 = 377 elec. rad/s
L, =197 6% - 2753 mH
e 377
L
ifdbase = _ad-isbase
Lafd
- 45696 188815
40.0
= 2158.0 A
555x10° _
Cibase = prse 257.183 kV
257.183
Z = = 119.18 Q
fdbase  2158.0
119.18 .,
L = ——2-2410° = 316.12 mH
The per unit values are
L (04129 s
2.753
4.5696
L = = 1.66
ad 2.753 pu
L _ 4432 1.61 pu

“ 2.753

Charg
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L, =Lg+L, = 1.66+0.15 = 1.81 pu
L, = L, +L, = 1.61+0.15 = 1.76 pu
I _ Lot Lavase
afd .
” stase lsbase
400 2158 e
2.753 18,881.5
576.92
L = = 1.825
1 316.12 pu
Lfd = Lﬁ’d—Lad
= 1.825-1.66 = 0.165 pu
R = 2001 _ 5003 pu
a 1.03784
0.0715
R = = 0.0006 [ |
f 119.18 pu

3.6 STEADY-STATE ANALYSIS

The performance of synchronous machines under balanced steady-state
conditions may be readily analyzed by applying the per unit equations summarized
in Section 3.4.9.

3.6.1 Voltage, Current, and Flux Linkage Relationships

As has been shown in Section 3.3, the dg0 transformation applied to balanced
steady-state armature phase currents results in steady direct currents. This is also true
of stator voltages and flux linkages. Since rotor quantities are also constant under
steady state, all time derivative terms drop out of machine equations. In addition,
zero-sequence components are absent and ®,=w =1 pu.

With py terms set to zero in Equations 3.124, 3.125 and 3.126,

Rldlld = qullq = R2ql2q =0

Therefore, all amortisseur currents are zero. This is to be expected since, under steady
state, the rotating magnetic field due to the stator currents is stationary with respect
to the rotor. As the amortisseurs are closed circuits with no applied voltage, currents
are induced in them only when the magnetic field due to the stator windings or the
field winding is changing.

The per unit machine equations (3.120 to 3.134), under balanced steady-state
conditions, become
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e; =~y -Ri, (3.139)
e, = WY, R (3.7140)
ey = Ryiy (3.141)
Uy = ~Lyi+Liy (3.142)
y, = -Li, (3.143)
Yy = LyiyL,,i, (3.144)
Yy = LygiyLoiy (3.145)
¥, = Uy, = ~Li, (3.146)

Field current

From Equation 3.142,

i y,+L,i,
fd ~
Lad

Substituting for y, in terms of e, i, from Equation 3.140,

. eq+Razq+erdzd
fd

erad

Replacing the product of synchronous speed and inductance L by the corresponding
reactance X,

iy - ¢ Ralg X als (3.147)
Xad

The above equation is useful in computing the steady-state value of the field current
for any specified operating condition. The inductances/reactances appearing in
Equations 3.139 to 3.147 are saturated values. This will be discussed in Section 3.8.
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3.6.2 Phasor Representation

For balanced steady-state operation, the stator phase voltages may be written

as
e, = E cos(wt+a) (3.148)
e, = Emcos(wst-%}m) (3.149)
. = Emcos(wsﬁz?“m) (3.150)

where o, is the angular frequency and o is the phase angle of e, with respect to the

time origin.
Applying the dg transformation gives

e; = E cos(wt+a-0) (3.151)

e, = E sin(wz+a-0) (3.152)

The angle 0 by which the d-axis leads the axis of phase a is given by
0 = wr+6, (3.153)

where 0, is the value of 0 at 7=0.
With o, equal to o, at synchronous speed, substitution for 0 in Equations

3.151 and 3.152 yields

e, = E cos(a-0) (3.154)

e, = E,sin(a-6) (3.155)

In the above equations, E,, is the peak value of phase voltage. In steady-state
analysis, we are interested in RMS values and phase displacements rather than
instantaneous or peak values. Using E, to denote per unit RMS value of armature
terminal voltage and noting that in per unit RMS and peak values are equal,

e, = Ecos(a-6,) (3.156)

e, = E;sin(a-6) (3.157)

The dgq components of armature voltage are scalar quantities. However, in view
of the trigonometric relationship between them, they can be expressed as phasors in -
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i
I
I
I
i
d. ' i I
i ! qf==—=Ff-mm-m5 y o
I I
I 1
-8, | l
| d-axis ! d-axis
e, o 1, o
(a) Voltage components (b) Current components

Figure 3.20 Representation of dg components of armature
voltage and current as phasors

a complex plane having d- and g-axes as coordinates. This is illustrated in Figure 3.20
and is conceptually similar to phasor representation of alternating quantities varying
sinusoidally with respect to time. Thus the armature terminal voltage may be
expressed in complex form as

E, = ¢ e, (3.158)

By denoting §; as the angle by which the g-axis leads the phasor Ev Equations 3.156
and 3.157 become
e, = Esind, (3.159)

e, = Etcoséi (3.160)

Similarly, the dq components of armature terminal current /, can be expressed as
phasors. If ¢ is the power factor angle, we can write

i, = Lsin(3,+¢) (3.161)

i - Icos(d,+¢) (3.162)
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and
I =iz, (3.163)

From the above analysis, it is clear that in phasor form with dg axes as
reference, the RMS armature phase current and voltage can be treated the same way
as is done with phasor representation of alternating voltages and currents. This
provides the link between the steady-state values of dg components of armature
quantities and the phasor representation used in conventional ac circuit analysis.

The relationships between dg components of armature terminal voltage and
current are defined by Equations 3.139, 3.140, 3.142 and 3.143. Thus

d rtq
= oLj,-R,i, (3.164)
= X,i,~R,i,
e, = oy -R i
‘ 4 e (3.165)

= Xyt X by R,

The reactances X; and X, are called the direct- and quadrature-axis
synchronous reactances, respectively. They represent the inductive effects of the
armature mmf wave by separately accounting for its d- and g-axis components. These
and other reactances of a synchronous machine will be discussed in detail in a later

section.
We have not yet developed a means of identifying the d- and g-axis positions

relative to E’t. In order to assist us in this regard, let us define a voltage E_ as
E = E+R +X)I
¢ e (3.166)

= (e 4je ) HR, 4 X )iy,

Substitution of Equations 3.164 and 3.165, followed by reduction of the resulting
expression, yields the following expression for E . in phasor form with d, g axes as

reference:
Eq = JIX gl (X=X )1, (3.167)

The corresponding phasor diagram is shown in Figure 3.21. We see that the
phasor E_lies along the g-axis. The position of the g-axis with respect to E, can be
identified by computing E ,» the voltage behind R, +X,.
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g-axis

E

d-axis

Figure 3.21 Phasor E, in dg complex plane

3.6.3 Rotor Angle

Under no-load or open-circuit conditions, i,=i,=0. Substituting in Equations
3.139, 3.140, 3.142 and 3.143 yields

Y, = Ladifd
Yy, =0
e; =0
e, = Xadifd
Therefore,
E = e tje
r T (3.168)
= JX iy '

Under no-load conditions, E’t has only the g-axis component and hence 6,=0. As the
machine is loaded, §; increases. Therefore, the angle 9§, is referred to as the infernal
rotor angle or load angle. The relationship between power output and the rotor angle
is nonlinear and is of fundamental importance in power system stability studies.
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The angle 3, represents the angle by which the g-axis leads the stator terminal
voltage phasor E,, and it is given by

8, = 90° ~(a-6,) (3.169)

where o is the phase angle of e, and 6 is the value of © with respect to the time
origin. Therefore, 6; depends on the angle between the stator and rotor magnetic
fields. For any given machine power output, either o or 6, may be arbitrarily chosen,

but not both.
3.6.4 Steady-State Equivalent Circuit
If saliency is neglected,
X, =X, =X
where X is the synchronous reactance. Therefore,
E~q = Et+(Ra+sz)it (3170)
With X d=Xq, from Equation 3.167, the magnitude of E . is given by

E, = X,i, (3.171)

The corresponding equivalent circuit is shown in Figure 3.22. The resistance R, is
usually very small and may be neglected.

R X

__J\/\/___fYY\_.._4 E, /0°
It

CD E,.8,

E,=X i,
X,=X =X,

Figure 3.22 Steady-state equivalent circuit with saliency neglected
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The voltage E, may be considered as the effective internal voltage. It is equal in
magnitude to X,,i;; and hence represents the excitation voltage due to the field
current. The synchronous reactance X, accounts for the flux produced by the stator
currents, i.e., the effect of armature reaction. For a round rotor machine, X is nearly
equal to X, and therefore the above equivalent circuit provides a satisfactory
representation.

For salient pole machines, X, is not equal to X . The effect of saliency is,
however, not very significant so far as the relationships between terminal voltage,
armature current, power and excitation over the normal operating range are concerned.
The approximate equivalent often provides sufficient insight into the steady-state
characteristics. Only at small excitations will the effect of saliency become significant.
The approximation also neglects the reluctance torque due to saliency. With modern
computing facilities, there is little difficulty in accounting for saliency; therefore, the
approximation associated with round rotor theory is not used in detailed calculations.

Active and reactive power
S =E]I
= (e e )iy i)

= (edzd+eqlq)+](eqzd—edlq)

P, = e iste i, (3.172)
Q, = e ;e i (3.173)
Steady-state torque is given by
Te = 1|Jd .q_lpqid
= (edid+eqiq)+Ra(id2+iq2) (3.174)
= P+R I}

3.6.5 Procedure for Computing Steady-State Values

For stability analysis, it is necessary to find the initial steady-state values of
machine variables as a function of specified terminal quantities. The<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>